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Abstract 

Exciting new experiments in gravitational physics are among the proposed fu

ture space science missions around the world. Such future space science experiments 

include gravitational wave observatories, which require extraordinarily precise instru-
• ' A 

ments for gravitational wave detection. In fact, future space-based gravitational wave 

observatories require the use of a drag free reference sensor, which is several orders 

of magnitude more precise than any drag free satellite launched to date. With the 

analysis methods and measurement techniques described in this work, there is one less 

challenge associated with achieving the high-precision drag-free satellite performance 

levels required by gravitational wave observatories. 

One disturbance critical to the drag-free performance is an acceleration from the 

mass attraction between the spacecraft and drag-free reference mass. A direct mea

surement of the gravitational mass attraction force is not easily performed. His

torically for drag-free satellite design, the gravitational attraction properties were 

estimated by using idealized equations between a point mass and objects of regular 

geometric shape with homogeneous density. Stringent requirements are then placed 

on the density distribution and fabrication tolerances for the drag-free reference mass 

and satellite components in order to ensure that the allocated gravitational mass 

attraction disturbance budget is not exceeded due to the associated uncertainty in 

geometry and mass properties. Yet, the uncertainty associated with mass properties 

and geometry generate an unacceptable uncertainty in the mass attraction calculation, 

which make it difficult to meet the demanding drag-free performance requirements 

of future gravitational wave observatories. The density homogeneity and geometrical 

tolerances required to meet the overall drag-free performance can easily force the use 

v 
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of special materials or manufacturing processes, which are impractical or not feasible. 

The focus of this research is therefore to develop the necessary equations for the 

gravitational mass attraction force and gradients between two general distributed 

bodies. Assuming the drag-free reference mass to be a single point mass object is 

no longer necessary for the gravitational attraction calculations. Furthermore, the 

developed equations are coupled with physical measurements in order to eliminate 

the mass attraction uncertainty associated with mass properties. The mass attrac

tion formula through a second order expansion consists, of the measurable quantities 

of mass, mass center, and moment of inertia about the mass center. Thus, the grav

itational self-attraction force on the drag free reference due to the satellite can be 

indirectly measured. By incorporating physical measurements into the mass attrac

tion calculation, the uncertainty in the density distribution as well as geometrical 

variations due to the manufacturing process are included in the analysis. 

For indirect gravitational mass attraction measurements, the corresponding prop

erties of mass, mass center, and moment of inertia must be precisely determined for 

the proof mass and satellite components. This work focuses on the precision mea

surement of the moment of inertia for the drag-free test mass. Presented here is 

the design of a new moment of inertia measurement apparatus utilizing a five-wire 

torsion pendulum design. The torsion pendulum is utilized to measure the moment 

of inertia tensor for a prospective drag-free test mass geometry. The measurement 

results presented indicate the prototype five-wire torsion has matched current state 

of the art precision. With only minimal work to reduce laboratory environmental 

disturbances, the apparatus has the prospect of exceeding state of the art precision 

by almost an order of magnitude. In addition, the apparatus is shown to be capable 

of measuring the mass center offset from the geometric center to a level better than 

typical measurement devices. Although the pendulum was not originally designed for 

mass center measurements, preliminary results indicate an apparatus with a similar 

design may have the potential of achieving state of the art precision. 
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Chapter 1 

Introduction 

1.1 Drag-Free References and Applications 

At the core of a drag-free satellite is a drag-free reference sensor, which is simply 

a proof mass specifically designed in shape and materials for a particular purpose 

or application. To be useful, the proof mass must be shielded from all external 

forces to form an inertial reference. The characteristics of an inertial reference are 

achieved by surrounding the proof mass with a satellite, coupled with a sophisticated 

control system. Environmental disturbances are absorbed by the satellite and are 

counteracted with thrusters to keep the proof mass continuously centered within the 

cavity at the core of the satellite. In essence, the satellite acts as a shield to protect 

the proof mass from all environmental disturbances, maintaining a disturbance free 

environment for the proof mass. 

There are a number applications or uses for a drag-free satellite [16]. For instance, 

the inertial reference can be utilized as part of spacecraft navigation systems for pre

dictable orbit determination, or even as part of satellite formation flight cluster man

agement. In fact, the first drag-free satellite, Triad-1/DISCOS, was used to generate 

predictable satellite orbits, which could then be used by the US Navy as a navigation 

system [53]. In addition, there are a number of science experiments in geodesy and 

experimental gravitation. One, application generating a great deal of enthusiasm is 

1 
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2 CHAPTER 1. INTRODUCTION 

Figure 1.1: Artist's rendition of the Laser Interferometer Space Antenna, (LISA). 
Future drag-free satellite mission to be used as a gravitational wave observatory. 

that of a gravitational wave observatory. Gravity, as described by Einstein is a curva

ture of space and time. Gravitational waves are ripples in spacetime, created by two 

super-massive objects moving in space, such as black hole binaries, galactic binaries, 

and extreme mass ratio inspirals [44]. Although these waves have been predicted to 

exist by Einstein's theories, gravitational waves have yet to be detected directly and 

proof of their existence has been limited to indirect observations. 

Detection of gravitational waves has become in recent years a top science priority 

for nations around the world. Not only is it important to verify fundamental physics 

through the detection of gravitational waves, but a functional gravitational wave 

observatory can further the discovery of astrophysical objects and also provide insight 

into the origins of the universe. Figure 1.1 shows for example, an artists rendition of 

a joint ESA/NASA space-based gravitational wave observatory known as the Laser 
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1.1. DRAG-FREE REFERENCES AND APPLICATIONS 3 

Interferometer Space Antenna, (LISA).1 LISA consists of three drag-free satellites, 

with the mission to detect gravitational waves and then use the detected signal to 

look at the universe and it's history as a new type of telescope. Clearly the success 

of LISA will open an exciting new frontier of science. LISA shall provide for the 

first time a direct observation of gravitational waves and proof of their existence. 

Furthermore, gravitational wave astronomy will enhance conventional astronomy by 

providing information about the emitting sources. The gravitational wave sky, as 

observed by LISA, contains potentially millions of galactic binaries. LISA will target, 

for example, gravitational wave sources in the frequency band of 0.1 mHz to 0.1 Hz, 

including sources such as massive black hole binaries and black hole mergers. In 

addition, fluctuations in the gravitational background radiation will further provide 

knowledge about the evolution of the early universe. 

Gravitational wave detection relies on the underlying drag-free satellite technol

ogy to form the science sensor. From gravitational wave physics, a strain in the 

spacetime curvature occurs when a gravitational wave passes. Thus, if there are two 

free-floating objects in space, a relative change in displacement will be observed due 

to the passing of a gravitational wave. Two drag-free references therefore form the es

sential components for a gravitational detector. The difficulty.in detection, however, 

lies with the magnitude of the gravitational strain and the requirement to ensure that 

the free-floating proof mass has moved due to the passing of a gravitational wave and 

not as a result of some other local disturbance. The gravitational strain is similar 

in definition to a mechanical strain or a change in length divided by the separation 

distance AL/L. Since spacetime is extremely stiff, the magnitude of the strain asso

ciated with a gravitational wave is on the order of 10~21 [44]. Thus, if the separation 

distance, L, is on the order of millions of kilometers, the observed change in length, 

AL, will be on the order of picometers. The required amount of accuracy over such 

a long distance is quite a challenging task. Furthermore, it is quite challenging to 

ensure that the proof mass associated with the science sensor has not moved by a 

small magnitude due to a force other than by the effects of a gravitational wave. 

1More information on the LISA spacecraft and the mission objectives can be found in Refer
ence [36]. 
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1.2 The Mass Attraction Problem 

The required drag-free performance to provide a completely inertial reference sen

sor for gravitational wave detection is not a simple task. Environmental disturbances 

can be on the order of 10~6 g, and gravitational sensor missions often require design 

accelerations of better than 10 - 1 2g [53]. For Triad-1/DISCOS, the Disturbance Com

pensation System, DISCOS, was designed to provide a disturbance-free environment 

at the proof mass to an acceleration level of lCTug (10~10m/s2) [53] [22]. Further

more, for the LISA gravitational wave observatory, the dynamic stability must be 

achieved down to 0.1 mHz due to the frequency of the associated gravitational wave 

science signal. Even the most precise drag-free satellite launched to date, Gravity 

Probe B (GP-B),„ would require a substantial increase in the drag-free performance 

level to achieve the requirements dictated by future space-based gravitational wave 

observatories. In fact, next generation space-based gravitational wave observatories 

such as LISA require the use of gravitational reference sensors, which are several 

orders of magnitude more precise than any drag free satellite launched to date. Fig

ure 1.2 shows for instance the drag-free performance requirement of LISA as compared 

to GP-B over the target gravitational frequency range for LISA. As shown in the fig

ure on the vertical axis, the residual acceleration on the drag-free reference in the 

frequency band of interest is the key performance metric for a drag-free satellite. 

In order to increase the drag-free performance level for a drag-free satellite, all of 

the disturbances acting on the proof mass must be determined and characterized. Al

though the satellite is designed to shield the proof mass from external disturbances, 

the pure existence of the satellite introduces internal disturbances. Disturbances 

to the proof mass arise from numerous sources, including for example thermal varia

tions, magnetic fields and gravitational mass attraction gradients. The total drag-free 

performance is therefore a combination of all these extraneous accelerations. In ad

dition, through engineering design decisions, the magnitude of one disturbance may 

be traded for another in order to meet the overall drag-free performance requirement. 

For example, a material chosen to reduce the disturbance due to say magnetic ef

fects may increase the disturbance due to gravitational mass attraction. By proper 
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Figure 1.2: Drag-free satellite performance comparison. Design goals for gravitational 
wave observatories such as LISA require significant improvement over state of the art 
drag-free performance technology. The frequency range depicted corresponds to the 
gravitational wave frequency band targeted by LISA. 

system-level design, all of the disturbances associated with the satellite must be min

imized. A number of individuals have attempted to characterize the expected leading 

disturbance terms associated with demanding drag-free performance missions such 

as LISA [47], [56], [29], [28]. Indeed, the gravitational mass attraction force between 

the satellite and the drag free reference mass has been identified as a contribution to 

the disturbance budget. For LISA, the required mass attraction acceleration noise 

level must be reduced to the challenging value of better than 5 x 10~16 m/s2-Hz1//2 at 

0.1 mHz [42]. The static value for the gradient of the mass attraction force is in addi

tion a challenging requirement at 3 x 10~8 s - 2 or less, which is an order of magnitude 

better than required for Triad-1/DISCOS [56], [53]. Only by designing the satellite 

as a perfect sphere with a uniform density distribution containing a hollow cavity at 
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Figure 1.3: Artist's rendition of Triad-1/DISCOS. DISCOS, the Disturbance Com
pensation System, is at the middle of the satellite near the illustration center. Satellite 
components not essential to the control system operation were placed at the ends of 
two booms, as shown at the top left and bottom right of the illustration. Further 
information on the configuration of Triad-1/DISCOS is found in Reference [13]. 

the center can the mass attraction force be completely eliminated. Clearly, such a 

satellite design is impractical and therefore the mass attraction forces and gradients 

must be determined at the proof mass due to the surrounding satellite. 

The gravitational mass attraction between the drag-free reference mass and the 

surrounding satellite is a dominant disturbance, which limits the overall drag-free 

performance. Furthermore, the exact gravitational mass attraction properties for the 

satellite are difficult to determine due to uncertainties in geometric fabrication toler

ances, material density distributions and precise component location knowledge. For 

Triad-1/DISCOS, the mass attraction was the principal potential source of distur

bance to the proof mass [16]. The uncertainty associated with the mass attraction 

disturbance for Triad-1/DISCOS was reduced by moving all the parts of the satellite 

not essential to the control system to a location far from the drag-free reference as 

shown in Figure 1.3. The satellite was manufactured in three parts and split between 

two booms such that the majority of the mass was moved to distances several meters 
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away from the drag-free satellite proof mass and control system. Three pieces were 

necessary to maintain symmetry, such that the mass center of the satellite was near 

the drag-free reference mass. Although the gravitational mass attraction was still the 

dominant contribution to the disturbance budget for Triad-1/DISCOS, the use of the 

booms resulted in a satellite design, where the majority of the satellite components 

could be machined without special fabrication tolerances [53]. 

Although the design philosophy of separating the drag-free reference mass from 

the majority of the satellite aids in increasing the drag-free performance, there is a 

practical limit to such a design. Triad-1/DISCOS, for example, was on the order 

of 8 m in length with the two 3 m long booms deployed [13]. Increasing the total 

length of the satellite to meet more stringent drag free performance requirements 

is therefore impractical. Clearly, when possible it is desired to move components 

with a large contribution to the mass attraction disturbance budget to locations far 

from the proof mass. Yet, other contributions in a dynamic sense will exist with 

the addition of booms, such as oscillatory motion due to differential thermal heating 

and gravity gradient torques as well as the design trade associated with increased 

mass and complex mechanisms. For gravitational wave observatories such as LISA, a 

satellite design utilizing booms is not feasible. As a result, only additional precision 

knowledge of the satellite component mass, geometry, and orientation/location can 

further aid in reducing the mass attraction disturbance. 

Throughout the history of drag-free satellite design, the theoretical contribution 

to the mass attraction disturbance budget was determined by assuming idealized val

ues for the density distribution and component geometry. Although Triad-1/DISCOS 

avoided the requirement of special fabrication tolerances for the majority of the satel

lite, some critical components did indeed require fabrication tolerances or measure

ments to the order of 0.0025 mm [53]. Next generation gravitational wave observato

ries such as LISA dictate an unprecedented drag-free performance level, which in turn 

generates the requirement for even more strict fabrication tolerances. Satellite com

ponents would require special machining processes and/or materials with stringent 

requirements on the density distribution in order to use the purely theoretical mass 

attraction computation procedure. In order to enable future drag-free space science 



www.manaraa.com

8 CHAPTER 1. INTRODUCTION 

missions such as LISA, one turns to measurements in order to increase the knowledge 

of the gravitational mass attraction for the satellite. Unfortunately, it is difficult to 

measure the gravitational attraction directly and any such measurement would be 

limited to a particular component configuration such as location and orientation. An 

alternate analysis method is therefore desired and the solution is presented in this 

work. 

1.3 Contributions and Outline 

This work presents contributions which may be grouped into two primary cate

gories. First, contributions to the area of gravitational mass attraction are presented 

in Part I. Secondly, contributions in the area of precision mass property measurements 

are covered in Part II. The contributions in both parts of this work are interconnected. 

The combination of the contributions in Part I and Part II completes the solution to 

the mass attraction problem associated with high precision drag-free satellites such 

as LISA. 

1.3.1 Gravitational Mass Attraction 

Motivated by the gravitational mass attraction issues associated with precision 

drag-free satellites, this work presents an alternative calculation approach for the mass 

attraction disturbance to the drag-free reference. For the first time, a complete closed 

form solution to the mass attraction force and gradients between any two general 

shaped objects is presented (Chapter 3). Other solution methods typically require 

one object to be a point mass in order to carry out the mass attraction calculation. By 

using the equations presented in this work, neither object needs to be represented as a 

point mass in order to calculate the mass attraction properties. The mass attraction 

equations presented utilize a multivariable Taylor Series expansion to achieve the final 

form. Since Poisson in the 1800's [46], a number of individuals have utilized a Taylor 

Series expansion to calculate the mass attraction equations. Indeed, this work will 

utilize a similar approach for solving the gravitational attraction equations. Yet, to 
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the authors knowledge no solution before has listed the terms beyond a second order 

expansion for the case of two general shaped bodies and are therefore not complete 

solutions. The work presented in in Chapter 3 does not limit the analysis to point 

mass objects and may be represented to the desired expansion order. 

Whenever performing mass attraction analyses, the calculation is only as good 

as the knowledge of the mass properties. The model, which typically assumes ideal 

mass properties, is therefore only an approximation of the true physical system. The 

theory presented in Chapter 3 also establishes the insight necessary for incorporating 

physically measurable quantities into the analysis. It will be shown that through a 

second order expansion, the gravitational attraction equations consist of the measur

able terms of mass, mass center and the moment of inertia tensor. Thus, the method 

described in this work incorporates physically measurable mass properties into the 

analysis, such that the calculation is an indirect measurement of the gravitational 

attraction properties through the second order. Should a higher order expansion be 

desired, the remaining terms in the expansion are of third order and higher and only 

require modest geometry and density distribution knowledge compared to a point 

mass finite element solution. Thus, the density distribution and geometry does not 

need to be known as accurately as required for common point mass finite element 

solution methods. By incorporating physical measurements into the calculation, one 

eliminates uncertainties due to ideal assumptions involving density inhomogeneities 

and geometrical variations. The mass attraction analysis is no longer a theoretical 

model of the attraction properties for the system, but rather an indirect measurement 

of the actual physical system through the second order. 

The equations developed in Part I are significant for a number of other reasons 

which may not be immediately apparent. The developed equations allow for the 

satellite designer to perform indirect measurements of the mass attraction force and 

gradients as well as to develop initial multiphysics simulations/models including mass 

attraction effects. Also developed in Chapter 3 are the necessary equations for incor

porating tetrahedron finite elements into mass attraction computations. This devel

oped method therefore allows for an early design using software models and expected 

idealized mass properties. As the physical hardware becomes available, measured 
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values for the mass properties can then be used in the analysis to refine the mass 

attraction properties. Once the measured parameters become available, a full scale 

finite element analysis need not necessarily be performed again in order to obtain the 

mass attraction properties. Simply by tabulating mass properties of each component 

or subsystem, the attraction properties can be re-calculated easily for any redesign 

resulting in a component location or orientation change. 

1.3.2 Precision Mass Property Measurements 

Part II of this work focuses on the measurement of the necessary mass properties 

for a mass attraction calculation. The theory for determining mass property mea

surements by means of a torsion pendulum is detailed in Chapter 4. The design of a 

novel five-wire torsion pendulum measurement apparatus for precision mass property 

measurements is then described in Chapter 5. 

The five-wire design is vastly different from the common single wire or trifilar 

torsion pendulum design often used for science experiments. Such pendulum designs 

are desired to be very sensitive to extraneous forces and as a result have very low 

damping coefficients with the torsional quality factor ,Q = l/2£, ranging from 104 to 

106 or higher [6]. The five-wire design has a much higher stiffness, with the quality 

factor, Q, of 3000 or less such that the pendulum is not highly sensitive to external 

forces. The goal of the five-wire torsion pendulum design is rather to generate a pure 

rotation about a desired axis with translational degrees of freedom spectrally shifted 

from the rotation frequency. This new five-wire pendulum design is carried through 

the initial prototype stage and is described in detail in Chapter 5. The apparatus is 

then used to measure the mass properties of mass center location and the moment 

of inertia tensor (Chapter 6). Although the apparatus is still an initial prototype 

design, the results from the five-wire torsion pendulum match state of the art moment 

of inertia measurement levels. The pendulum error sources and limitations for the 

initial design are fully characterized in Chapter 7. With minimal work to suppress 

laboratory environmental disturbances, the five-wire pendulum is expected to exceed 

sta^e of the art moment of inertia measurements by almost an order of magnitude. 
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The five-wire torsion pendulum was primarily designed for measuring moments 

of inertia. Still, the pendulum performance motivated the application of the pendu

lum to mass center location measurements. As show in Chapter 6, the pendulum 

demonstrates the ability to determine the mass center location to levels better than 

typical mass center measurement devices. Again, the original pendulum design was 

not originally intended for mass center measurements. By utilizing the knowledge 

presented in Chapter 7 to reduce environmental disturbances and the suggestions for 

future mass center measurement work in Chapter 8, the basic design could potentially 

be developed for state of the art mass center measurements. 

1.3.3 Synthesis of Contributions 

By combining the theory presented in Part I and the physical mass property 

measurements presented in Part II, it is possible to show the importance of combining 

physically measured mass properties into the mass attraction calculation. Consider 

for example the gravitational mass attraction between two distributed bodies. The 

difference in the gravitational mass attraction calculation between a simplified point 

mass attraction and the method developed in Chapter 3 is significant. 

For illustrative purposes, consider the gravitational mass attraction between two 

reference masses as shown in Figure 1.4. A cross sectional view of the objects is 

depicted. These objects will be further described in Chapter 6 and are referred 

to as preferred principal axis of inertia spheres. The spheres contain an internal 

cavity in order to create a spherical shaped object with desired mass properties and 

are fabricated in either two or three parts. The sphere depicted at the bottom of 

Figure 1.4 is a three-part sphere and the top sphere is a two-part sphere. Both spheres 

are of identical radius, r0, and the mass centers of the reference masses are separated 

by R = 3r0z, where z is along the direction for the maximum principal moment 

of inertia, 1$, for each reference mass. The configuration in Figure 1.4 provides a 

mass attraction example for which precision mass property measurements exist for 

both attracting bodies. The torsion pendulum measurement apparatus, which will 

be described in detail in Chapter 5', was used to obtain the moment of inertia tensor 
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for each object to approximately state of the art precision. 

For the simplified example in Fig

ure 1.4, the attraction force between two 

preferred principal axis of inertia spheres 

is investigated by using a point mass 

approximation and then by the method 

described in Chapter 3 of this work. 

First the attraction force is calculated 

by assuming each object may be repre

sented by a single point mass, such that 

the attraction force is given by Fp = 

GMm/R2 z. The three-part sphere has 

a measured mass, M, of 455.1 g and the 

two-part sphere has a measured mass, 

m, of 448.9 g. Next, the attraction force 

is calculated by utilizing the equations 

derived using the double Taylor method 

from Chapter 3, Equation 3.43, and the 

measured quantities for the moment of 

inertia as presented in Chapter 6, Ta

ble 6.6. The simplified point mass at

traction computation results in Fz — 

G-36.319N, whereas the double Taylor F i g u r e L 4 : Configuration for gravitational 

method results in an attraction force of m a g s a t t r a c t i o n e x a m p i e . 

Fz = G-35.204N. The difference, 100% x 

(Fp — FDT) /For, is about 3.2 %. The double Taylor method described in this work 

contains as the first term the simplified point mass attraction result. The additional 

terms in the expansion therefore account for the geometry and density distribution. 

Thus, the 3.2 % difference noted here is completely due to incorporation of the mea

sured moment of inertia into the calculation. Thus, it is seen that the incorporation 

of measured mass properties substantially aids in increasing the accuracy of the mass 
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attraction calculation. In addition, the computation utilizing the measured mass 

properties incorporates any uncertainty associated with the internal geometry of the 

spheres and the actual material density distribution. The cross-sectional view de

picted in Figure 1.4 is a simplified ideal geometry for the preferred principal axis 

of inertia spheres. The actual internal geometry, which is not easily measured af

ter fabrication, does not match exactly the depicted idealized geometry due to the 

fabrication process. 
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Gravitational Mass Attraction. 

In Theory. 
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Chapter 2 

Traditional Solution Methods 

2.1 Point Mass Summation 

For point mass objects1 and for objects which are separated by great distances, 

the Newtonian gravitational potential at a point due to an attracting body is defined 

to be: 

V = 2»- .-•• (2.1) 
r 

where G is the gravitational constant, M is the mass of the attracting body and r is 

the distance between the point mass and the body. The gravitational attraction force 

vector is then given by the gradient of the Newtonian potential. Taking the negative 

gradient of the potential for a test mass at a point, the Newtonian Force is obtained: 

dF GdM „ . ••• 
— = — — r - (2.2) 

• m i rz 

where the force is defined to be along the vector r between the point mass and the 

body. For two distributed bodies, one could in principle develop a simple routine 

which repeatedly calculates the force over a very fine grid point representation of the 

1The avid reader should note that a spherical shell exhibits the same properties as a point mass. 
Thus, a body composed of concentric spherical shells, each of uniform-density, also obeys the same 
properties as a point mass. 

15 
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mass distribution. However, although it is known that this direct summation method 

is robust and reasonably accurate, the accuracy depends strongly on the number of 

point masses which are used to represent the mass distribution. In addition, the 

required point mass grid density is a function of the separation distance, the object 

geometry complexity and the desired density distribution. As a result, to obtain a 

high degree of accuracy, the computational cost is high and scales by the order of the 

number of total points squared. 

The primary limitation of a brute force point mass summation approach is however 

not the number of points and associated computational cost. Consider for example an 

initial gravitational mass attraction analysis performed for LISA. Merkowitz et. al [42] 

has applied a brute force point mass summation technique to the LISA spacecraft. 

The model for the spacecraft was generated from computer solid models to produce a 

finite element model of all the satellite components, assuming ideal geometry, density 

distribution and component location. After running the computation repeatedly until 

a convergence was observed, the initial results using the point mass summation showed 

that preliminary designs for LISA were only a factor of 4 to 5 times worse than 

minimum requirements for the gravitational attraction properties of the satellite [42]. 

At first one might believe that the preliminary results indicate LISA is achievable with 

a simple point mass representation of the satellite for computing the gravitational 

attraction force and gradients. Yet the model is merely an approximation of the 

actual physical system. It would be naive to believe that a point mass attraction 

model alone would suffice for verifying the mass attraction disturbance requirements. 

In fact, the results from the point mass model only test how well the satellite is 

symmetrically distributed, or in a dynamic sense how stable the satellite configuration 

is expected to be. Clearly, "the models are only as good as our knowledge of the mass 

distribution" [42]. Thus, the uncertainty in how well the model matches the physical 

system is the primary limitation of the point mass summation approach. In actuality, 

there is a great deal of uncertainty in the actual mass distribution for the components 

comprising the satellite. Consider for example the core component, the drag-free 

reference mass. The current baseline LISA pathfinder proof mass, Figure 2.1, is a 

faceted geometry similar to a cube, composed of a gold-platinum alloy. By inspection 
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Figure 2.1: Baseline LISA reference mass. The gold-platinum alloy reference mass 
has geometric features preventing a simple representation as a single point mass or 
as an ideal cube. 

of Figure 2.1, it is clear that the geometry contains features which prevent either a 

representation as a perfect cubical geometry for analytical solutions or by only a few 

point masses for a point mass summation approach. In addition, it is not possible to 

determine the sub-millimeter density distribution of the gold-platinum alloy required 

for the grid size dictated by the point mass finite element model [41]. The overall 

accuracy of the model will therefore be limited by the uncertainty in the geometry and 

density distribution. Therefore, some sort of experimental verification is necessary to 

validate the models. 

2.2 MacCullagh's Formula 

In the early 1800's Poisson [46] suggested the use of a Taylor Series expansion to 

represent the Potential. The 1/r term could easily be expanded in a series and then 

truncated after the 2nd order. MacCullagh [31] then further developed the technique 

by showing that the equation for the Potential at a point due to a distributed body 

could be represented by the principal moment of inertia for the distributed body. The 

formula for the potential at point P due to an arbitrary distributed body, known as 
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MacCullagh's formula, is given by: 

CM C 
U(P) = — + — (IXX + Iyy + Izz-3I) (2.3) 

MacCullagh assumes that the origin of the coordinate system is located at the center 

of mass of the distributed body and that principal coordinate axes are used. The 

value of / in MacCullaghs' formula is the instantaneous moment of inertia about 

the direction from the origin to point P. MacCullagh also developed equations for 

the Force and Moments at a point due to a distributed body. If one eliminates the 

assumption of principal axes in MacCullagh's formula the equation can be generalized 
2 

a s . 

CM C / = \ 
U{P) = — + -f- (trace{I) - 3f • I • f) (2.4) 

Although it is not explicitly stated, Equation 2.4 forms the foundation for much 

of the work done by Fleming et. al [22] for the Mass attraction analysis of the 

Triad-1/DISCOS mission. Fleming develops equations for the attraction force on 

a point mass due to a number of different common-shaped distributed bodies. Al

though Fleming no longer requires that principal axes be used, the orientation of the 

axes used is specified such that the Xi direction in a standard Cartesian coordinate 

system is along the vector between the point mass and the center of mass of the 

distributed body. Equation 2.4 is a general form and eliminates requirements on the 

orientation of the coordinate axes. Still, One limitation in applying the method of 

MacCullagh and Fleming et. al to gravitational wave observatories such as LISA, is 

that the calculation requires one object to be represented by a single point mass. 

As already shown in Figure 2.1, the baseline proof mass for LISA may not be easily 

represented by a single point mass geometry. It is therefore desired to develop the 

equations further to include the attraction properties between two general distributed 

bodies. In Chapter 3, equations will be developed, which overcome the limitation of 

the single point mass requirement. 

2The generalized MacCullagh's formula is derived in Section 3.3 
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2.3 Analytical Solution: Block Geometry 

For a spherical geometry, simple point mass gravitational attraction equations can 

be used to easily calculate the force and force gradients. For the LISA faceted proof 

mass design, the point mass attraction equations can only be used to approximate 

the non-spherical geometry for locations which are far from the proof mass relative 

to the maximum dimension of the proof mass. For locations which are near to the 

proof-mass, a more detailed calculation is necessary. 

An analytic solution for the gravitational mass attraction force and force gradients 

due to a right-angled parallelepiped or a brick geometry is desired. The solution 

over a rectangular region is not a trivial derivation and is not widely published. 

A few works have been published which work toward developing the gravitational 

mass attraction force equations for a brick geometry. MacMillan [40] has outlined 

a method for deriving the, equations governing the gravitational potential at a point 

due to a right-angled parallelepiped with homogeneous density. Nagy [43] presents 

the vertical component equation for the mass attraction force and the limitations of 

which are later noted and corrected by Banerjee [2]. Chen and Cook [7] determine an 

expression for the mass attraction force in the three principal orthogonal directions 

for a uniform rectangular block by applying the method of MacMillan. However 

typographical errors in the expression as published by Chen and Cook [7] results in 

a correct answer for the mass attraction force only along the principal axes. Careful 

analysis of the published equations by Chen and Cook indicate a region where a 

repelling force exists, which is clearly in error. Therefore, presented here is what is 

believed to be the corrected version of the mass attraction force for all regions due 

to a right-angled parallelepiped with homogeneous density. The expression is then 

further developed to generate an expression for the gradients of the mass attraction 

force with respect to the principal directions. Finally, the derived force and gradient 

equations for a brick geometry are compared to a point mass approximation in an 

attempt to estimate the accuracy of such an approximation for the brick geometry 

for applications such as LISA. 
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Figure 2.2: Attraction at a point due to a brick-shaped body. 

2.3.1 Attraction Force 

To obtain an expression for the mass attraction force at a point due to a right-

angled parallelepiped, it is recognized that by definition the mass attraction force is 

the gradient of the gravitational potential. Let point P = (x,y, z) be a point external 

to the body for which the force shall be computed. The potential at point P for the 

coordinate system placed at the center of mass of the distributed mass, body C, is 

defined to be: 

"W-GJffsliV (2.5) 

V 

Where the density of body C is denoted by ac and the integration is performed over 

the volume V occupied by the mass. The distance, r, between point P and a point 

Q — (u, v,w) located within body C in Cartesian coordinates is: 

r = \JrpIQ • rp/Q = \/(x - u)2 + (y - v)2 + (z — w)2 (2-6) 

The force is the negative gradient of the potential. The component of the force in 

the Cartesian ar-direction for a test point mass mp at point P due to body C with 
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homogeneous density is: 

FP/C 

Gmp -m 
V 

y/(x — u)2 + (y — v)2 + {z — w)2 
dudvdw (2.7) 

Recognizing that an increase in the coordinate u is equivalent to a negative change 

in the coordinate x, one obtains: 

Gmp 

v 

-il 
d 

du \ y/(x - u)2 + (y- v)2 + {z- wf 
dudvdw (2.8) 

1 U2 

y/(x — u)2 + (y — v)2 + (z — w)' 
dvdw 

u i 

For a right-angled parallelepiped with length 2a, 2b, and 2c in the x, y, z direction, 

Figure 2.2, the limits of integration are simple and the integral equation for the force 

becomes: 

FX
P/C 

Gmp 

c b 

-il i 

-c - 6 

c b 

'I! 
-c -b 

yj\x — a)2 + (y — v)2 + (z — w)2 

1 

yf{x + a)2 + (y - v)2 + (z — w)2 

dvdw 

dvdw (2.9) 

It is seen that in order to evaluate the equation for the force, two double integrals of 

similar form must be evaluated. Following the style of Chen and Cook [7], the double 

integral will be simply replaced by a function representation. The double integral will 

be defined to be: 

c b -u 1 

- c - 6 
yj(x - a)2 + (y - v)2 + (z- w)' 

; dvdw (2.10) 

To evaluate the \I> integral, the method described in MacMillan [40] is used. First, 
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multiply the numerator and denominator by the square of the integrand denominator. 

\ - . : , j / > - a ) H ( g 7 ^ ( : - ^ ; d K a M ; - (211) 

i i ((x-a)* + (y-v)*+\z-w)*y.- ••. 

By adding and subtracting the quantity {x — a)2 to the numerator, the integrand can 

be separated, resulting in three simpler to evaluate integrals: 

C 0 c b ' 

(x - a)2 + (y - v)2 ', 
± - - - — ^ dv dw + 

6 ({x - a)2 + (y - v)2 + (z - w)2y 

j j ( — ) 2 + ( — ) 2 ::
%dvdw. 

-b ((x-a)2 + (y-v)2 + (z-w)2j -c 

c 6 

" / / . — ^ ^ — -dvdw (2.12) 
-c-b ((x-a)2 + (y - v)2 +(z - w)2j 

At first it may appear as though the evaluation of one double integral was made 

more difficult by generating three double integrals. Yet the first two integrals in 

Equation 2.12 can be rewritten in terms of exact derivatives, namely: 

d I (z — w) I (x - a)2 + (y — v)2 

dW ' C(x - a)2 + (y - v)2 + (z - w)2Y ) ((a; - a)2 + (y - v)2 + (z - w)^ 

d I (y - v) | (x — a)2 + (z — w)2 

dV l {{x - a)2 + (y- v)2 + (z - w)2) 5 ) ((z - a)2 + (y - v)2 + (z - w)2) * 

(2.13) 

Substituting the exact derivatives of equation 2.13 into the integrand of equation 2.12, 
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the \I> integral takes on the new form: 

c b 

— / / 
d_ 

dw 

(z — w) 

-c -b 

c b 

((x — a)2 + (y — v)2 + (z — w)2 J 
— dwdw 

J J dv 
—c -b 

c b 

-II 

(y.-v) 

((x — a)2 + (y — v)2 + (z — w)2 1 
— dvdw — 

(x - af 
dv dw (2.14) 

- c -6 Ux - a)2 + {y - v)2 + (z -w)2)2 

The limits of integration are constants, and can thus be easily interchanged to obtain 

— / 

-b 

c 

I 

(z — w) 

Ux -a)2 + (y- v)2 + (z- w)2\ 

(y-v) 

({x - a)2 + {y - v)2 + {z - w)2J 

(x - a)2 

dv 

dw — 

c b 

II 
-c-t {(x-af + (V-vY + (z-wyj 

Evaluating at the limits of integration gives: 

(z-c) 

'b ((.a; - a)2 + (y - vf + (z - c)2) 

. (z + c) 

dv dw (2.15) 

# 
" / Tdv + 

i ({x-a)2 + {y-v)2 + {z + c)2) 
-dv 
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c 

I 
—c 

c 

I 

(y-b) 

fix - a)2 + (y - b)2 + (z - w)A 

(y + b) 

L ((x - a)2 + (y + b)2 + \z - w)2) 

-dw + 

Tdw 

(x - af 
c b 

fl — 
-c -6 Ux - a)2 + (y - v)2 + (z - w)2) 

dvdw (2.16) 

All of the single integrals in Equation 2.16 have a common form, which can be eval

uated using a table of integrals: 

/ . l — d^ = lnU+^e+a2 + P2) 
J y/e + a2 + 02 V ' 

After evaluating the single integrals in Equation 2.16 the ^ integral can be alge

braically manipulated to produce: 

(z-c)+\ 
\fr — (it h\ In 
* — \y °)m 

(z + c)+ \ 

(z-c)+( 
(ii 1 K\ In 
\y I v) in 

(z + c)+\ 

(y-b) + [ 

{y +'b) +1 

(y-b) + ( 
(~ 1 **\ 1-n 

(y + b) + ( 

(x -

(x -

(x -

(x -

(x -

(x -

(x -

(x -

-a)2 + (y-b)2 + (z-c)2y 

\ \ 
- a)2 + (y - b)2 + (z + c)2J 

-a)2 + (y + b)2 + (z-c)2)h 

\h - a)2 + (y + b)2 + (z + c)2) 

-a)2 + (y-b)2 + (z-c)2f 
v - l . 

- a)2 + (y.+ b)2 + (z - c)2J 2 

-a)2 + (y-b)2 + (z + c)2y* 

\ 1 

- a)2 + (y + b)2 + (z + c)2) 2 
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c 6 

If (X Q)2 jdvdw (2.17) 
LL ((x-a)2 + (y-vy + (z-w)*y 

The double integral term in the \& integral remains to be evaluated. Again the 

technique of converting the integrand into an exact derivative will be used. The 

quantities x — a and z — w are constants with respect to the variable v. Thus one can 

write the exact derivative: 

(y - v) 

((x — a)2 + (z — w)2 J ((x — a)2 + (y — v)2 + (z — w)2 J 

(2.18) 
Ux — a)2 + (y — v)2 + (z — w)2) 

Replacing the exact derivative for the integrand within the double integral term in 

the \I> integral, the double integral becomes: 

- / / - {X ^ sdvdw (2.19) 
-c-b Ux-a)2 + (y-v)2 + (z-w)2Y ., . 

c b 

-I! 
c b I 

d_ (x-a)2(y-v) . 

-c -b
 dV \ ((ar - a)2 + {z - w)2) ((a; - a)2 + (y - v)2 + (z - w)2) 

Evaluating at the limits of integration one has: 

c b 

j - dvdw 

If r dvdw = 
L -b {{x - a)2 + {y- v)2 + (z7 w)2^ ' 

{x - a)2 (y - b) I 
((a; - a)2 +(z -w)2) ((x - a)2 + (y - b)2 + (z - w)A 

— dw 
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\ ; ; . ' - : (^-«fte+6) i d w (220) 

-c ( ' ( ^ - a ) 2 + ( ^ - ^ ) 2 V ( x - a ) 2 + (?/ + 6)2 + ( 2 - u ; ) 2 V 

The two single integrals in Equation 2.20 have a common form, which can be evaluated 

using a table of integrals: 

/ _ _ '<*& •"-• ^ - a t a n - 1 - M^ - (2.21) 
J (a2 + e ) ( « 2 + /52 + e2)^ . « ( a 2 + ^2 + e 2 ) i 

Evaluating the single integrals in Equation 2.20 the double integral is found to be: 

c b 
(x-af dvdw = -if— 

-c-b Ux - a)2 +(y-v)2 + (z - w)2Y 
. 1 (y — b)(z—c) 

{x - a) t an - 1 ^ y— A '.— , +. 
(x - a) (Cx - a)2 + (y -b)2 + (z - c)*Y 

. - i (y-b)(z + c) 
{x — a) tan — : - '• - . ; —5-. + 

(x - a) ((z - a)2 + \y - b)2 + (z + c)2) ' 

,-1 (y + b)(z-c) 
(x — a) tan - — — — -—• :—r'. + 

(x-a)((x-a)2 + (y + b)2 + (z-c)2y 

1 (y + b)(z + c) 
• - ( x - o ) . t a n - 1 -^-—-——L- x (2.22) 

(x - a) ((z - a)2 + (y + b)2 + (z + c)2) " 

Using the results of Equation 2.17 and Equation 2.22, the ^ Integral can be written 

in function form to be: 

* (a,/?,/?, 7,7) = 

7 + (a2 + /32 + 72) 2 7 + :fa2 + 02 + 7 2 V 
/51n- ^ - -2-T - /31n—-^- : — T ^ T - + -

7 + ( a 2 + /?2 + 7 2 ) ' 7 + ( a 2 + ^2 + 7 2 ) ' 

r 
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. 13 + (a2 + (32 + 7
2 ) ? : .. (3 + (a2 + (32 + 7

2 V . 
+7 I n — — —t-r ~ 7 In " — -^-r + 

—a tan 

/ ? + ( a 2 + # + 7 2 )* • ..'(3 + ( a 2 + p + 7
2 ) 

0 7 , - - i • • • ' . ' . / 3 - 7 

a( 'a2 + /9
2 + 72V 

— + a tan 

+ a tan 1 (31 

a ( a 2 + /32 + 7
2 Y 

— — a tan x 

a ( a 2 + /?2 + 7 2 \ 
- + • • 

a(a2 + (32 + i2\ 
r (2.23) 

Equation 2.23 can then be used to evaluate the Equations for the force components at 

point P due to body C for coordinate locations external to the attracting body. The 

integral equation for the force components at point P due to body C, as presented 

by Chen and Cook [7], can now be represented by: 

G 
^P/C > - \ Y - V 

FP/C 

G 

G 

pP/C 

(2.24) 

(2.25). 

(2.26) 

where: 

X = 

X = 

y = 

y = 

z = 
z = 

(x - a), (y - b),(y +.b), {z - c),(z + c) 

(x + a), (y - b), (y + b), (z- c),(z + c) 

(y - b), (z - c); (z + c), {x - a), (x + a) 

{y + b), (z - c),(z + c), (x -a),(x + a)] 

(z - c), (x - a), (x + a), (y - b), (y + fe)j 

{z + c), (x - a), (x + a),{y - b),(y + 6)] 



www.manaraa.com

28 CHAPTER 2. TRADITIONAL SOLUTION METHODS 

2.3.2 Gradient of the Attraction Force 

The current LISA mission baseline design incorporates a cubical free-falling proof 

mass in a drag-free configuration. The drag-free control laws require knowledge of the 

force gradients to model stiffness terms properly. Having established a representation 

of the mass attraction force at a single point due to a regular rectangular block, 

one carl proceed to develop the properties of the gravitational mass attraction force 

gradients. A brute force differentiation of the force equations is possible, since the 

equations are composed of elementary terms. The process consists of returning to the 

original integral equations for the potential to take the derivatives instead of starting 

with integrated form of the force equations. Yet in order to obtain the desired result 

in a simpler manner, one returns to the suggestion presented by MacMillan [40] to 

obtain the force equations from the potential: \ 

"It is not necessary to differentiate with respect to the coordinates in so 

far as these coordinates appear under the log and tan - 1 symbols. It is 

sufficient to differentiate as though these functions were constants, and a 

recognition of this fact makes the differentiation a very simple manner." 

By extension, since one can treat the t an - 1 and In terms as constants during the 

differentiation of the potential to obtain the force, these same terms should also be 

considered as constants on subsequent differentiations. The proof for making this 

assumption is presented in MacMillan [40] and is discussed further at the end of 

Section 2.3.2. Indeed, by noting the constant characteristics of the terms within the 

force equation, the derivation of the force gradients becomes quite straight-forward. 

To differentiate the force equations, it is sufficient to differentiate the \I> f a, f3, J3,7,7 J 

function with respect to each of the function arguments, treating the In and t an - 1 

terms as constants. Differentiating with respect to a, one obtains: 

dV T T £ 7 , 0 7 
— = # a = - t an - 1 — _ _|_ t an - 1 —; — — + 
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+ tan"1 - ^ - r - tan"1 ^ 7 — (2.27) 

•a(a2 + /92' + 7 2 ) 5 a(a2 + ft+ 7 2 V 

Differentiating with respect to the remaining variables returns: 

d$ 7 + (oc2 + P2 + 72 V 
_ = ^ = l n V _ )__ ( 2 2 8 ) 

P ~ + (<*2 + /?2 + 7 2 ) 2 
7 

7 + ( « 2 + ^2 + 72)" 
=- *£ .#•.- In i - ^ (2.29) 

9,3 7 + ( « 2 + ^2 + 7 2 ) " 

^ /? + (a 2 +/?2 + 7 2 ) " 
g - - ^ 7 = l n V -^T (2.30) 

7 / 3 + ( a 2 + £2 + 7 2 ) 2 

^ / ? + ( a 2 + /?2 + 7 2 ) i 

_ = ^ = - l n ^ _ -L- (2.31) 
7 / 3 + ( a 2 + ^2 + 7 2 ) 2 

By inspecting Equation 2.24 it is easily seen that the gradient of the force in the 

x-direction with respect to x involves the partial derivative of the $ function with 

respect to a. Hence one obtains: 

1 dF?/C 

G <TC mp dx 
= * „ ( * ) - * « ( * ) (2-32) 

Similarly, according to Equations 2.25 and 2.26 the gradients of the y- and z-direction 

forces with respect to y and z respectively are: 

1 dFy/C 

Gacmp dy 

1 dR p/c 

Gacmp dz 

= *a(y)-*<*(y) (2.33) 

= *a(z)-*a(£) (2.34) 
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To obtain the gradients of the force in the x-direction with respect to y, the partial 

derivatives of (3 and /? are involved. Since (3 and (3 occur linearly outside of the In 

and t an - 1 functions, a linear combination of typ and \I>5 is sufficient to represent the 

gradients of the force in the x-direction with respect to the variable y. Denoting the 

linear combination of the partial derivatives with respect to (3 and /3 as: 

% (a , ftft 7,7) + *p (a,. ft ft 7 ,7) = [*/3 + *$] (a , ft ft 7 ,7) (2.35) 

the gradient of the force in the x-direction with respect to the y variable can be 

denoted: 

_ J _ « g ! = [,,+ ,,).(*) _ [,, + »d(i) (2.36) 

Likewise the gradient of the force in the x-direction with respect to the z variable can 

be denoted as: 

1 OR p/c 

Gacmp dz 
{% + *fl (x) - [*7 + ¥,] (S) (2.37) 

By following the recipe set forth thus far in calculating the gradients of the force in the 

x-direction with respect to the other two Cartesian directions y & z and by carefully 

noting the definitions of the forces in Equations 2.24, 2.25 & 2.26, the expressions 

for the remaining force gradients can be stated. Furthermore, since the order of the 

differentiation may be interchanged, it is important to note that the Jacobian matrix 

is symmetric such that there are only six unique gradients of the force with respect to 

translation. However, for completeness the expressions for all of the remaining force 

gradients will be stated. 

1 dFy p/c 

GaCmP d^=^^n{y)-^^n{y) \^) 
__L_ ^ ! = [*, + *.] (y) _ [*, + *,] (J) (2.39) 

= [ty, + *J (z) - [9/, + ̂ ] (J) (2.40) 1 dft p/c 

G ac mp dx 
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1 dF?/C = [% + * , ] (z)- [*7 + * , ] ( J ) (2.41) 
Gacmp dy 

Observation 

In order to prove that the t an - 1 and In terms may be treated as constants during 

the differentiation of the force to obtain the gradient, one can follow the proof set forth 

by MacMillan [40] when the force was obtained from the potential using the same 

method. However, the equations for the gradient of the force presented in section 2.3.2 

can be obtained without assuming a constant characteristic for the t an - 1 and In terms. 

Without presenting a complete derivation, a basic outline for the process is presented 

here. 

Begin with the definition of the potential, Equation 2.5, for the homogeneous 

density parallelepiped: 

_ / / ' ~ clw di> dw 
• / / / ; Gac 

—c —b —a 

where the distance, r between the two points was defined to be: 

r2 = (a; - uf + (y - vf + (z - wf 

The force is defined to be the negative gradient of the potential and the component of 

the force in the Cartesian x-direction is the negative partial derivative of the potential 

with respect to x. 

F, p/c c b a 

= • / / / ! ( ; ) d " t t o d w ( 2 - 4 2 ) Gacmp 

—c —b —a 

Taking the gradient of the force in the x-direction as an example, one must further 
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differentiate with respect to x to obtain: 

c b a 
1 dF?/c 

G ac mp dx III d ( d / r 
dx \dx \r 

-c —b —a 

c b a 

dudvdw 

-•-///£(!©)***'' >•«> 
—c —6 —a 

The innermost partial derivative of 1/r is easily evaluated and the gradient of the 

force in the x-direction becomes: 

dFx
P/c 

c b a 

G ac mp dx - -IIIU d ({x — u) 

-c —b —a 

c b 

/ / 
-c -b 

(x — u) U2=a 

du dv dw 

dvdw (2.44) 
ui=—a 

To obtain the results presented in Equation 2.32, one must only carry out the inte

gration of Equation 2.44. This is easily achieved with the help of a table of integrals. 

The following forms of integrals will be encountered in the process: 

/ 
a 

I a (3 

d£ .= «e 

(a2 + e)Vt2 + a2 + P2 
d£ = tan - 1 

a ^ + a H ^ 2 

For the gradient of the force with respect to the other variables, y and z, the following 

forms of integrals will be encountered in the process: 

/ 

/ 

(£2 + a2 + /?2)5 
1 

d£ 
y/e+c^+W2 

d£ = l n ( ^ + ^ 2 + «2 + /52) 
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Identifier Description Value Units 
2a Nominal x-direction 40 [mm] 

length of body C 
2b Nominal t/-direction 40 [mm] 

length of body C 
2c Nominal z-direction 40 [mm] 

length of body C 
mc Mass body C 1.37 [kg] 
mp Mass point P 1.0 [kg] 

Table 2.1: Simulation parameters for force and gradient at point due to a homoge
neous density cube. 

With the knowledge from the table of integrals, the equations presented in sec

tion 2.3.2 can be obtained. 

2.3.3 Simulation Results 

Using Equation 2.24 for the force and the equations in Section 2.3.2 for the gra

dients of the force at a point due to a right-angled parallelepiped with homogeneous 

density, it is helpful to plot the expressions over a region and to compare the results 

to that of two point masses. In so doing, it is possible to determine the error pro

duced by approximating a cubical geometry by a single point mass representation. 

To begin the calculation, the baseline LISA faceted proof mass design is selected for 

the right-angled parallelepiped (body C): a 40 mm cubical proof mass of 1.37kg with 

an assumed homogeneous density. A Cartesian coordinate system is placed at the 

center of mass of body C and a 1 kg point mass is placed at point P, consistent with 

Figure 2.2. The simulation parameters used for the calculation are summarized in 

Table 2.1. The force, Fp/C, and gradient of the force at point P due to body C is 

then calculated for a region in the x-y plane. Since the central attracting body is 

symmetrical, the force in the x-direction will be of primary concern. For an initial 

check, the x-direction force in the vicinity of one quadrant of the cubical proof mass 

is computed, as shown in Figure 2.3. Contrary to the equations presented by Chen 

and Cook [7], the plot indicates an attractive force (the x-direction force at point P is 
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in the negative x direction) for all points within the region. In addition, the presence 

of mass at the corners, which is non-existent for a spherical or point mass attracting 

body, generates an increase in the mass attraction force for a constant radial distance 

relative to the mass center near the cube corners as expected. It is therefore con

cluded that the minor corrections made herein to the equations presented by Chen 

and Cook [7] are valid. 

By taking the difference between the mass attraction force due to a point mass 

attracting body of equal mass and the mass attraction force as calculated for the 

cubical geometry, the error associated with approximating a cubical geometry with 

a single point mass can be understood. Figure 2.4 depicts the difference in the re

direction force along the x-axis between two point masses and a cube and a point mass 

(force between two point masses minus the force between a cube and point mass). 

Due to the nature of the gravitational potential, it is well known that only distances 

close to the attracting body generate a significant deviation in the actual force from 

a point mass approximation. The slope of the log-log plot in Figure 2.4 indicates 

that the difference between a point mass approximation and the actual force due to 

a cubical object along the x-axis behaves approximately as one over the separation 

distance raised to the fifth order. Depending on the desired accuracy and location 

from the mass center of a cubical attracting body, a point mass approximation for 

a single point mass may or may not be acceptable along the x-axis. For example, 

according to Figure 2.3 the force along the x-axis due to the cubical geometry will 

be on the order of 10~8 N. Returning to the LISA, noise budget, a maximum total 

static self gravity acceleration of 5 x 10_10m/s2 is necessary for LISA disturbance 

requirements [42]. If the knowledge of the mass attraction force is desired to have 

an uncertainty less than 10_1°N, consistent with the LISA requirements, then from 

Figure 2.4 it is seen that a point mass approximation may only be used for the ratio 

of x/2a greater than approximately 2. This estimated boundary is intended only to 

provide intuition in the gravitational mass attraction analysis, since a more thorough 

analysis is necessary to establish comprehensive guidelines. In addition, it should be 

noted that this estimate is valid for the attraction at a single point along the x-axis 

only, although the general technique can be applied to any point in space external to 
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-10 
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0.06 

0 0 
y -M ' " x,[m] 

Figure 2.3: ^-Direction mass attraction force for cube, Fplc. 

Delta Fx between Cube and Point Mass (FPoint - FCube) 

o> 
o 

-10 
10 

x/2a, [m/m] 

Figure 2.4: Delta between point mass and a cubical geometry x-direction 
traction force. 
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Figure 2.5: Delta Fx' between point mass and a cubical geometry in x-y plane. 

the attracting body. 

The difference in the x-direction force between a point mass approximation and the 

actual force due to a cube and a point mass for the x-y plane is plotted in Figure 2.5, 

with the right sub-figure presenting a projection onto the x-y plane. By examining 

the contour plot, it is clearly seen that close to the cube face center along the x-axis 

the mass attraction force due to the cube is less than a point mass approximation. 

That is, if a point mass approximation is used to represent a cubical geometry, the 

actual force for the cubical geometry would be less than the point mass approximated 

value along the x-axis. As the radial distance is kept the same and the location of the 

point P approaches the corner of the cube, the point mass approximation becomes 

an underestimate of the actual force. The equivalent point mass distance to obtain 

the same force is closer near the corners of the cube and the equivalent distance is 

further away on radial directions near the faces of the cube. It is also interesting to 

note that in the contour plot of Figure 2.5 there exists a region for the force in the 

x-direction where the difference between a point mass approximation and the true 

analytical solution for a cube is zero. 

The gradients of the x-direction force with respect to the variables x and y were 

computed for the x-y plane. The gradients of the mass attraction force in the in

direction for a cubical central attracting body are depicted in Figure 2.6 & Figure 2.7. 

Inspection of the gradient contour plots shows the expected similar behavior between 
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y. [m] 

7P/C 
Figure 2.6: Gradient ^ — for a cube in x-y plane. 

y. [m] 0 0 
x, [m] 

?P/C 
Figure 2.7: Gradient ^ — for a cube in x-y plane. dy 

a cubical and point mass attracting body. For the cubical case, the gradients become 

more intense close to the cube corners and faces. For the gradient with respect to x 

variable, Figure 2.6 shows that the discontinuity has been shifted from the origin to 

the cube face. Similarly, for the gradient with respect to y variable, Figure 2.7, the 

discontinuity has been shifted from the origin to the cube corners, causing a more 

rapid change in values of the gradient as compared to a point mass attracting body. 

Again, to more readily see the difference between the force generated by a cubical 

and point mass attracting body, the gradient of the force from a cubical geometry 

is subtracted from that of a point mass approximation. Presented in Figure 2;8 and 
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y. [m] 0 0 
x,im] 0 0 

7P/C fur * 

Figure 2.8: Delta gradient | between point mass and a cubical geometry. 

x, [m] 0 0 

pP/C 
Figure 2.9: Delta gradient ^-k-— between point mass and a cubical geometry. 

Figure 2.9, is the difference in the gradient between the two different geometries, 

where the effect of the cube corners and face is clearly seen. Thus, if a point mass 

were to be used to approximate the cubical geometry, the largest error for both the 

gradients ^ — and qLf.— would be in the vicinity of the cube corners. For the 
?P/C 

gradient with respect to the ^-direction, | , a significant error would also exist 

through the center of the cube face. Similarly, for the gradient with respect to the 

y-direction, ^ — , a significant error in using a point mass approximation would exist 

around the 7r/8 + mr/4 radials near the cube face. 

With the knowledge presented in Figure 2.8 and Figure 2.9, one can return to the 
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Delta dFx/dx between Cube and Point Mass (dFPoint - dFCube) 

x/2a, [m/m] 

Figure 2.10: Delta between point mass and a cubical geometry ^-direction mass 
attraction force gradient. 

LISA requirements for the uncertainty in the gravitational attraction force gradients 

to determine when a point mass approximation is acceptable for use. For LISA, a 

total static self gravity acceleration gradient of 3 x 1 0 - 8 s - 2 along the measurement 

axis is expected to meet the science goals [56]. The largest error for the gradient 

with respect to the x-direction, §x , when using a point mass approximation exists 

along the x-axis. The measurement axis for LISA is along the x-axis, normal to the 

disturbance free proof mass face. The difference between a point mass approximation 

and the actual gradient of the mass attraction force due to a cubical object along 

the x-axis is presented in Figure 2.10. From Figure 2.10; it is seen that a point mass 

approximation may only be used for the ratio of x/2a greater than approximately 2 if 

the knowledge of the mass attraction force gradient is to have an uncertainty of less 

than 10 -8 s - 2 consistent with the LISA requirements. Yet, for LISA this requirement 

is for the contribution of all the components in the satellite and not just for that 
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of a single point mass. Thus, this estimated boundary is intended only to provide 

intuition in the gravitational mass attraction analysis and is valid for the gradient of 

the mass attraction force at a single point along the x-axis only. 

Observation 

Limitations of the manufacturing process prevent the existence of a perfectly ho

mogeneous test mass. Variations in the density distribution of the manufactured test 

mass will lead to an uncertainty in the mass attraction analysis. In addition, as 

shown in Figure 2.1, the baseline LISA test mass contains geometric features, causing 

the actual geometry to deviate from an ideal cubical object. An alternative solution 

method is presented in Chapter 3, which is extensible to analyses involving density 

inhomogeneities and the attraction between two general-shaped distributed bodies. 
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Chapter 3 

The Double Taylor Method 

It has been demonstrated that the gravitational field and the corresponding gra

dient at the proof mass can be determined by calculating the contribution from every 

mass element in the satellite. The first drag-free satellite Triad-1/DISCOS [22], for 

example determined the mass attraction at the proof mass by representing satellite 

components as a combination of regular geometric shapes for which the attraction 

force could be easily calculated. By use of the spherical proof mass geometry by 

the Disturbance Compensation System DISCOS, the mass attraction computation 

could therefore be treated as a point mass and a distributed body (satellite com

ponents). The mass attraction analysis for Triad-1/DISCOS could then utilize and 

build upon the theory developed by Poisson [46] and MacCullagh [31] in the 1800's. 

MacCullagh [31] as well as Fleming et. al [22], showed that the gravitational mass at

traction at a point due to a distributed body could through a Taylor Series expansion 

be expressed up to the third order by using moments of inertia for the distributed 

body. In fact, Fleming et. al notes that the mass attraction formula through a sec

ond order expansion consists of the measurable quantities of mass, mass center, and 

moment of inertia about the mass center. Indeed, the mass attraction analysis for 

the Triad- 1/DISCOS mission was conducted by utilizing these physical quantities. 

In this work we again follow the technique of expanding the gravitational potential in 

a Taylor Series expansion to obtain the attraction force and gradient and develop a 

set of equations for the attraction properties between two general distributed objects. 

41 
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P(a,b,c) 

Figure 3,1: Distance between point P and a point on the distributed body. 

In addition the solution is expressed as a full series expansion without truncation for 

a complete solution. Thus, the solution can be calculated to any desired expansion 

order and the next higher order term can also be calculated to establish a bound on 

the magnitude of the neglected terms. 

3.1 Force Between Distributed Mass and a Point 

The previous works of Poisson, MacGullagh and Fleming all used a Taylor Series 

expansion of the Potential as a foundation for computing the attraction force at a 

single point due to an attracting body. These works all truncated the series expansion 

at the second order and were valid for a single point only. If one returns to the notion 

of using a series expansion for the function representing the distance between two 

points, one can develop an equation representation for the attraction force between 

two distributed bodies. Let point P = (a, b, c) be a point external to the body for 

which the force shall be computed. We then have for one over the distance between 

two points in Cartesian coordinates: 

f{x,y,z) = 
y/(a - x)2 + (b- yf + (c - z)2 

(3.1) 
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The Potential at point P for the coordinate system placed at the center of mass of 

the distributed, mass is therefore: 

U (P) = G JJJ a f{x, y, z) dx dy dz (3.2) 

v 

Where the density is denoted by a and the integration is performed over the volume 

occupied by the mass. The force is the negative gradient of the Potential and the 

component of the force at point P in the Cartesian x-direction for a point mass at P , 

is: 

F* (P) 

m1 
= -G JJf <jflW{x,y,z)dxdydz (3.3) 

v 

For simplicity, when taking gradient of the Potential, a constant density a throughout 

the mass was assumed. The comma-delimited superscript notation is used to denote 

the derivative order with respect to the first, second, and third coordinates (x,y,z). 

Using the definition of a Taylor Series Expansion [55], one can write an expression 

for the derivative of / : 

f^0(x,y,z) = f2 
N=0 

N 

M A 4 + A 4 + A 4 > ',Ao 
y=yo~o 
z=zo—0J 

(3.4) 

If the expansion is taken about the origin (x0 = y0 = z0 = 0), then Ax is just x 

and similar for y and z. The power term can be represented using the multinomial 

formula [55] such that: 

A d A d A d 
Ax— + Ay— + Az— 

ox ay oz 

N 

E N\ 

VN=N1+N2 + N3 

JVi!iV2!iV3! 
Ax - ) 

dx) 

til 

Ay - ) 

N2 

Az 
d_ 

dz 

N3 

(3.5) 

Where the Summation is taken over the set of all non negative integers Ni, N2,NS 

such that N = Ni + N2 + N3 (Denoted ViVn here after). Since the power term is also 
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operating on the powers or rather the order of the derivatives, one can also incorporate 

the derivatives of / into the formula using the superscript notation, obtaining a Taylor 

Series Expansion representation of f1'0'0 (x, y,.z): 

/^wHE 
N=0 I 

AM ^ 

N\ (Ax)Nl (Ayf2 (Azf3 fw*"* x=xo=0 
y=yo=0 
z=zo=0/ 

(3.6) 

The integration over the volume as denoted in Equation 3.3 can be carried out, 

noting that the only variation with respect to x, y, z is contained within the A terms 

in Equation 3.6. We denote the volume moments using the nomenclature described 

in Tuzikov [66]: 

Mc/Cj ]\kc — / / / ^yjzkdxdydz 
v 

(3.7) 

and in a similar manner then choose to define the mass moment for Body C about 

the center of mass, point Gc with density ac by: 

mf(c
k
c = °c xiyjzkdx dy dz (3.8) 

Then, by taking the representation for the mass moments, Equation 3.8, and substi

tuting the result obtained in Equation 3.6 into Equation 3.3 we obtain a Taylor Series 

representation for the attraction force in the rr-direction at point P without having 

truncated the series representation: 

FX(P) 

mr = - G £ 
JV=O 

1 E 
KVNn 

N\ 
m 

C/Cc 

Ni\N2\Nz\
 Nl'N2'Nz J N1+l,N2,N3 

x=xo=0 
y=s/o=0 
2 = ZO = 0 / 

(3.9) 

3.2 Mass Moment Calculation 

In order to evaluate the expression for the force in an efficient, computational 

manner, one must determine a method for evaluating Equation 3.8, the mass moment 



www.manaraa.com

3.2. MASS MOMENT CALCULATION 45 

integrals, m%,j,k- As shown by MacCullagh [31], if the Taylor Series expansion is 

taken to the second order, the attraction force can be represented using the moments 

of inertia for the distributed body. Similarly, as noted by Fleming [22] if regular 

geometric shapes are used to represent the mass distribution, for which the mass 

moments can be obtained, the force can be calculated. Thus, we see that there are 

two simple methods for determining the Mass Moments: 

1. Represent mass moments using moments of inertia for the entire body. (Second 

order expansions) 

2. Decompose an object into sub-elements and represent mass moments for the 

entire body using a summation of easily calculated mass moments. (Higher 

order expansions) 

Each method for determining the mass moments has unique benefits which must 

be considered for the particular application. For example, the moment of inertia 

method tends to be favorable for the incorporation of physical measurements into the 

calculation, whereas the subelement representation tends to be more applicable to a 

computer modeling approach and higher order expansions. 

3.2.1 Moment of Inertia Method 

After truncating the double Taylor Series expansion at the second order, one can 

use standard moments of inertia to represent the geometry of the distributed mass, 

and hence the mass moments required by the two distributed mass force equation. It 

is convenient to use moments of inertia, since expressions for a variety of geometrical 

shapes exist. In addition, for those irregular shaped objects, the moment of inertia 

tensor can be physically measured, which would include unknown variations in density 

and geometry. 

By looking at the integral definition for the moments of inertia, the relationship 

between the mass moments and moments of inertia is easily established. The moments 
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of inertia are denned by: 

4 T C = / / / ^ {y2 + *2) dxdydz Ic
x<

c< = - JJJacxydxdydz 

v v 

1 ^ = i n GC (X2 + ^ dx ^ ^ JC/CC = _ Hi ^ y Zdx ^ ^ (3 1Q) 

V V 

I%Cc = III ac (x2 + y2j d x d y d z jC/Cc = _ HI acxz d x d y d z 

V V 

Using the definition of the mass moments, Equation 3.8, the relationship between the 

moments of inertia to the second order mass moments is found to be: 

-JC/CC _ mC!Cc , mC/Cc 
xxx ~ ' "o^.o ~ '"0,0,2 

TC/Cc Y^C/CC I TnCICc 

yy ~ 2,0,0 ~ " ' 0 , 0 , 2 

,C/CC JC/CC JJJWVC 1 m ^ 
xzz '"2,0,0 ~ '"0,2,0 

-,C/CC 

TC/CC _ 
xy 

TC/Cc _ 
2/2 

TC/Cc _ 
xz 

—m 

—m| 

—rri 

C/Cc 

1,1,0 

C/Cc 
0,1,1 

C/Cc 
1,0,1 

(3.11) 

Solving the equations for the second order mass moments in terms of the moments of 

inertia one finds: 

rri 

m\ 

rri, 

C/Cc 
2,0,0 

C/Cc 
0,2,0 

C/Cc 

1 1 1 

1 - 1 1 

1 1 " I 

JC/Cc 
xxx 

JC/Cc 
yy 

JC/Cc 
±zz 

(3.12) 

/ vy ]C /^C JC/Cc rfyyC/Cc JC/CC fry^C/Cc JC/CC 

'"'1,1,0 — Lxy 0,1,1 — Lyz '"1,0,1 xxz 

Having truncated the double Taylor Series expansion at the second order, the only 

remaining mass moments which need to be defined are the first and zero order mass 

moments. The zero order mass moment m^^c is simply the mass of the distributed 

mass. If we define the coordinate system to be at the center of mass of the distributed 

mass, then the first order mass moment mf^c , m°'°£ , and m£^ c will be equal to 

zero by definition of the mass center. 
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Figure 3.2: Tetrahedron defined by three vectors. 

3.2.2 Tetrahedron Decomposition Method 

Using a finite element approach, we wish to find an expression for the mass mo

ments (including higher order terms) for a regular geometrical shape and then use the 

solution to construct a representation of a larger distributed mass. A tetrahedron, 

for example, can be used to decompose a large three-dimensional object into smaller 

polyhedra. In works by Tuzikov [66] and Sheynin [49] a closed form solution for an 

expression which generates Nth order volume moments for a tetrahedron is derived. If 

we define a tetrahedron, which has one vertex at the origin and each of the other three 

vertexes denned by coordinate points a, b, c, Figure 3.2, then Tuzikov and Sheynin 

define the volume moment of the tetrahedron to be [66], [49]: 

where the matrix A is composed by the coordinates of the vertexes such that A = 

[a, 6,-c]. The set % is a set of 3 x 3 matrices (kij) for integers fa, k2, fa, which denote 

the order of the volume moment, such that 0 < k^ < kt and X^7=i % = fa, i = 1,2,3. 

For the computation of the force equations, it is suggested that the volume moments 

for a tetrahedron be produced using Equation 3.13, and then placed into function 
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files for faster computation. The author has found the Matlab symbolic toolbox 

quite helpful in generating the desired moment order equations. Refer to Tuzikov [66] 

and Sheynin [49] for a detailed derivation of Equation 3.13. A listing of the volume 

moments up to the third order can be found in Sheynin [49] and are repeated in 

Section A. 1 up to the second order. 

In order to evaluate the attraction force given by Equation 3.9, we require the 

mass moments to be evaluated about a coordinate system located at the mass center. 

Although the volume moment expression in Equation 3.13 utilizes a coordinate system 

with an origin located at one vertex of the tetrahedron, a simple procedure will allow 

for the volume moment to be calculated at the centroid of the tetrahedron. Given a 

tetrahedron with one vertex at the origin, Equation 3.13 is used to calculate the zero 

and first order volume moments: M0>o,o> -̂ i,o,o> -MQXOI M),o,i< The location of the 

centroid by definition is then: {x^y^,zcm] = ^ J , ^ J J , j g g i . The coordinate 

axes can now be translated to the centroid. Furthermore, by using the location of 

the centroid as a new vertex, the original tetrahedron can now be represented by four 

sub-tetrahedrons consisting each of the centroid as one vertex and each side of the 

original tetrahedron. Refer to Figure 3.3 for a geometric depiction. Equation 3.13 

can then be used to find the volume moments of each of the sub-tetrahedrons and 

added together to find the volume moment of the original whole tetrahedron about 

the centroid. By assuming a constant density across the tetrahedron element, the 

mass moment is then obtained by simply multiplying the volume moment by the 

constant element density. 

3.3 MacCullagh's Formula Derivation 

The Taylor Series representation for the attraction force at a point due to a dis

tributed body, Equation 3.9, can be algebraically manipulated to obtain the general 

form of MacCullagh's Formula, Equation 2.4. We begin by ignoring the derivative 

order in the x-direction in Equation 3.9 (which was produced by taking the negative 
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Figure 3.3: Tetrahedron represented by four sub-tetrahedrons. 

gradient of the potential) to obtain the Potential at Point P: 

G 

oo 

E 
JV=0 

^ E N\ 
:m c/cc 

\VJV„ i A A 

f NltN2,N3 
x=xo=0 
V=Vo=0 
z=zo=0/ J 

(3.14) 

According to the formula, one is to take the summation over the set of all non nega

tive integers Nt, N2, N3 such that N = Nx + N2 + N3 (Denoted VNn ). MacCullagh's 

formula only incorporates mass moments up to the second order. Thus, for an expan

sion up to N = 2 one expands the summations for the sets of N listed in Table 3.1. 

After expanding for the sets of N up to order two, one obtains: 

U{P) 
G 

_ ^C/Cc f0,0,0 
mo,o,o J 

+ rn^of1'0'0 + mZCocr'° + < £ " / 
1 

+ 

c/cc fo,o,i 

C/Cc f0,0,2 

+ 2m^f^° + 2m%ca^2m%cax^ (3.15) 
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Order: N 

0 

1 

2 

Nx 

0 
1 
0 
0 
2 
0 
0 
1 
0 
1 

N 2 

0 
0 
1 
0 

o 
2 
0 
1 
1 
0 

N 3 

0 
0 
0 
1 
0 
0 
2 
0 
1 
i 

Table 3.1: Sets of N for second order expansion. 

By choosing the mass center as the origin of the coordinate system, the first order 

mass moments about the mass center are all identically zero for Body C ( m ^ c = 
m(u!oc = m£<uc = 0)- Simplifying by using the mass center definition, one obtains: 

-- V > — r^C/Ccf 0,0,0 
/-Y ~ " l 0 , 0 , 0 J 

+ 2mZc<r^ + 2mZl°r'12m%ca^A (3.16) 

We further proceed by calculating the derivatives of / , where the distance between 

the mass center and point P is denoted by: 
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The calculated derivatives are then: 

1-0,0,0 _ 

r 
Q T 2 

f2,0,0 _ V X 

/•0,2,0 _ % 

. r 5 

3z 2 

2-0,0,2 _ ° ^ 

1 

1 

1 

(3.18) 

pi,1,0 3a?y 
v 

f1'1 

Z1'0'1 

r 5 

3yz-

3X2 

Substituting into Equation 3.16 to obtain: 

Q — '"0,0,0 r 

+ .K(?Tt«T + K&Sl, ; (3.19) 

which further rearranges to: 

£ .— '"0,0,0 r 

+ : • 2^3 ( - (™W + <ZC + <ZC) 

^ "''2,0,0 r 2 ^ o,2,o r 2 T "l'o,o,2 r 2 

+ 2 < £ ^ + 2 < / c c ^ + 2 < / o C c ^ ) ( 3 2 0 ) 

In order to obtain the generalized MacCullagh's formula, one must transform the 

mass moment representation into moments of inertia. This is achieved by adding and 
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subtracting mass moment terms for a net change of zero to the equation. 

nn = mc/Cci 
Q "Vo,0 r 

+ ^ ( 2 K o ? + <X
2
Coc + < o ? ) - 3. « ' 0 £ + m^f; + m££~) 

2r3 

+ m C / ' C e ^ _ , mC/Cc % _ , C/CC ^ 
^ '"2,0,0 r 2 T '"0,2,0 r 2 ^ '"0,0,2 r 2 

+ 2 m ^ ^ + 2 < / - ^ + 2 m ^ ^ ) (3.21) 

Gollecting terms with the common factor of three: 

: t A ( P ) _ C c l 
£ . — '"'0,0,0 r 

+^[2(.m2,Zc'+<£? + <£?) - • • • 

11 rr7C/Cc - Tr j c / C c — -I- m c / C c - m c / C c — -I- r n c / C c - mc/Cc— + 
° l '"2,0,0 '"2,0,0 „ 2 0,2,0 '"0,2,0 2 0,0,2 '"0,0,2 2 '•• 

-2m^^-2m^^-2m^)y (3.22) 

Creating a common denominator for the terms multiplied by the common factor of 

three: 

Q '"0,0,0 r 

2r3 

- 3 I T T J C / C c X + ^ + Z - m
 C/Cc — 4-

0 1 '"2,0,0 r 2 '"2,0,0 r 2 ^ 

^c/Cc^ + y + z mc /Ce^ I 
0,2,0 r 2 '"0,2,0 r 2 x 

C / C e
X + ? / + 2 _ C / C c i , . 

'"0,0,2 r 2 '"0,0,2 r 2 ^ 
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2m°$?L - 2 < ^ g - 2 m ^ .) ) (3.23) 

Collecting like terms: 

Q — '"o,0,0 r 

+i I 2 ( m w + <iCo+ mc
0£) 

X2 

2r3 

- 3 t ^ 2 (moToC+<oC2C) + 

' • • ' • ' ' 7 / 2 . 

2 v"'2,o,o ^ '"0,0,2 J ' 

z2 

; : . 2 < / ^ - 2 < 1 ? ^ . - - 2 m ^ ^ (3.24) 

The mass moments can now be replaced with the moments of inertia, using the 

relationships listed in Equation 3.11. 

Q '"0,0 ,0 r 

1 _ L I rC/Ci; 1 rC/C c 1 JC/CC 

2r3 \ x yy zz 

r>( X jc/Cc I V jc/Cc I z jc/Cc 
I r 2 ^ ~.r2

1yy ~ r2
xzz 

+ ^ C e , + ^ ^ ' + ̂ ° ^ (3-25) 

Finally, by replacing the moment of inertia components with tensor notation, and 

noting that the zero order mass moment is simply the mass, the generalized version 

of MacCullagh's formula, Equation 2.4, is obtained. 

CM C / = \ 
U(P) = — + ~ (trace{I) - 3f • I• f) (3.26) 

r 2r6 V / 
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3.4 Force Between Two Distributed Masses 

Having established a representation of the attraction Force at a single point due 

to a distributed body in a non-truncated Taylor Series, we can proceed to develop a 

solution for two distributed bodies. Looking closer at Equation 3;9, one should notice 

that all of the; information concerning the location of point P is contained within 

the fNl+1,N2,Na term, which was evaluated at the origin. By integrating the solution 

over a second volume with homogeneous density (dm = adV), for all possible points 

P with incremental mass dm, we can obtain the desired solution for two distributed 

bodies. Since all the information regarding point P is contained within the fNi+^N^N3 

term, evaluating the volume integral over the force reduces to determining the triple 

integral over fNi+1^N2,^3 for ajj points P within the volume: 

FX = -<?£;. 
N=0 

Nl 
m 

C/Cc 

Ni\N2\N3\
 Nl'N2tN3 III- d fNl+l,N2,N3 

V 

dadfrdc 
y=yo=0 
z—zo=0 

(3.27) 

Again using the Taylor Series expansion and multinomial formula technique described 

in Section 3.1 a representation for the volume integral is found to be: 

/ / / 
gd fN1+l,N2,N3 

V 
y=Wo=0 
z=zo=0 

oda db dc 

5=0 

5! 

SJSJ.Szl 
m 

D/Dc L S , , S 2 , S 3 

S1,S2,S3"'N1+1,N2,N3 ao=xCm 
bo=Vcm 
c0=Zcrn / 

(3.28) 

The sub- & super-scripted function h represents the repeated derivative of / (x, y, z), 

such that the first derivative fNi+*-N2,N3 x=xo=0 evaluated at the origin is represented 
V=Vo=° 
z=zo~0 

by the subscript and the superscript represents the continued derivative with respect 

to the point (a,b,c), which is then evaluated at the center of mass of the second 

body. The order of the subscripts for the repeated derivative function h will match 

the order of the corresponding mass moment multiplier for Body Mc plus one due to 

taking the derivative of the gravitational potential function to obtain the force in the 
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Md 
(Xcm, Ycra, Zcm) 

Figure 3.4: Two distributed bodies with coordinate origins at mass center. 

x direction. The order of the superscripts will match the order of the corresponding 

mass moment multiplier for second body M^. 

The repeated derivative function is applied to Equation 3.1, the distance between 

two points in Cartesian coordinates. To generate the repeated derivative function 

hf-'K, first the derivative with respect to x, y, z is taken to the order z, j , k, the resulting 

function is then evaluated at (x, y,z) = (0,0,0). The result now contains only the 

variables a, b^ c. Next the derivative is taken with respect to a, b, c to the order p, q, r 

and then evaluated at the point (a,b,c) = {xcm^ycm^Zcm). 

Although it is suspected that a series could be used to represent the repeated 

derivative, it was found to be simpler to manually calculate the derivatives and place 

the results into software function files. The Matlab symbolic toolbox and the differ

entiate command was used to automatically generate the derivatives. These functions 

can be calculated in a loop and by creatively writing the Matlab code to actually gen

erate Matlab function files containing the resulting derivatives, the repeated deriva

tives functions are easily calculated for predetermined orders. 

For the Taylor Series expansion of the second volume, the expansion is performed 

about the center of mass of the body, (xcm,ycm,zcm). The displacements from the 
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point of evaluation for the Taylor Series expansion are therefore represented by: 

Ax = (a - xcm) Ay = (b- Vcm) Az. = (c - zcm) 

As a result, the mass moment is calculated about the center of mass of the body. If a 

primed coordinate system is a simple translation to the center of mass of the second 

body, then the mass moments of the second distributed body can be represented by: 

"•' m™e = / / / ^ " Xcm)P{f) " Vcmnc-z^ydadbdc 

V 

-III ad(x')p(y')q(z')rdx'dy'dz': (3.29) 

v 

Finally, collecting the results of Equation 3.29 and Equation 3.28, we have an expres

sion for the attraction force in the ^-direction. It should be noted that the negative 

sign is dropped to obtain the force on the central body due to the second distributed 

body. The expression is in coordinates with an origin located at the center of mass 

of Mc. 

F* = c/cc 
N1,N2,N3 

(3.30) 

5=0 

- 7 7 1 " ' ~ c hSl'S2<s3 
_S\ \£~) falSJ^l Si'3*'3* 1?1+1'N*N3 

By noting that in the derivation of the force in the x-direction, the partial of the 

Potential function with respect to x gave rise to the Ni + 1 term, an expression for 

the Force in the y and z directions can be quickly determined. This is achieved by 

modifying the subscripts on the repeated derivative function h. For the y direction, 

the proper subscripts are (JVi, N2 + 1, N3) and for the z direction the proper subscripts 

are (JVi, -/V2, ^ j + I). The increase in the derivative order as such, results directly from 

the fact that the Force is the gradient of the gravitational potential function. 
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Order: X Xx X2 X 3 

0 

1 

0 
1 
0 
0 

0 
0 
1 
0 

0 
0 
0 
1 

2 0 0 
0 2 0 

0 0 0 2 
1 1 0 
0 1 1 
1 0 1 

Table 3.2: Sets of N and S for double second order expansion. 

3.5 Gradients of the Attraction Force 

An expression for gradients of the attraction force in each of the principal di

rections can also be quickly derived from Equation 3.30. This is achieved by once 

again manipulating the derivative order in the repeated derivative function h. Sup

pose for example we wish to calculate the rate of change in the ^-component of the 

force as a displacement in the y-direction of the first distributed mass is observed. 

That is we wish to determine ^p-. By manipulating the subscript notation on the 

repeated derivative function h to (iVi + 1, iV2 + 1, -/V3) we have an expression for ^ . 

By manipulating the superscript notation of the repeated derivative function h we 

can obtain an expression for the gradient. For example, if we wish to find the rate 

of change in the x component of the force due to a change or uncertainty in the z 

location of the second distributed mass, we would alter the superscript notation of 

Equation 3.30 to read S\, S2, S3 + 1. 

3.6 Analysis of the Force Equations 

In order to gain some insight into the attraction force between two distributed bod

ies, one begins by expanding the force between two distributed masses, Equation 3.30, 

up to the second order mass moments to include all the terms involving the moments 
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of inertia for the two bodies. According to the formula, one is to take the summation 

over the set of all non negative integers N,i,N2,N3 such that N — Ni + N2 + N3 

(Denoted ViVn). For an expansion up to iV = 2 and for 5 = 2, one expands the sum

mations for the sets of N and S listed in Table 3.2. After expanding for the sets of-N 

and S up to order 2, and noting that the first order mass moments about the mass 

center are all identically zero for Body C and Body D (m^0 — m£^ c = m£0^
c = 0) 

one obtains the second order expanded form of Equation 3.30: 

F C / D ' • ' . , • / • 
X —mC/Cc I D/DcU0,0fi I 1 0/001,2,0,0 i 1 P/Pc/,0,2,0 (O Ol \ 
p — ' "o,0,0 I '"o,0,0 "1,0,0 ^ 2 2,0,0 "l,0,0 ' 2 0,2,0 "l,0,0 \°-01J 

+ im
D/DchO,0,2 , ^D/Dcl^ 1,1,0 , mD/Dch 0,1,1 , -£> /D c L 1,0,1 ] , 

~ 2 0,0,2 "l,0,0 ~ '"l,},0 "l,0,0 I '"0,1,1 "l,0,0 ~ 1,0,1 ""1,0,0 I ' 

2 2,0,0 I '"0,0,0 "3,0,0 ' 2 2,0,0 "'3,0,0 ~ 2 '"0,2,0 "3,0,0 

_ |_ l m ^/Pc tO,0 ,2 , • D/DCU1A,0 , m O / D c 1,0,1,1 , D/DCL1,0,1 \ , 
T 2 ' " 0 , 0 , 2 "3,0,0 ~ '"1,1,0 "3,0,0 • "•''0,1,1 "3,0,0 ~ '"1,0,1 "3,0,0 I T 

l ^ C / C c f mO/D cL0,0,0 , 1 D/Dc 1,2,0,0 , I^O/DcijOAO 
2 0,2,0 I '"0,0,0 "1,2,0 ~ 2 2,0,0 "1,2,0 ^ 2 0,2,0 "1,2,0 

_|_ImD/DcL0,0,2 , D / D C L1,1,0 , D/DCL0,'1,1 , mD/Dcfr 1,0,1 \ , 
T 2 0,0,2 "1,2,0 ' '"1,1,0 "1,2,0 ~. ' "0 ,1 ,1 "1,2,0 ~ ' " 1 , 0 , 1 "1,2,0 l T 

- m c / C c I mD/Dch0'0'0 4- ±mD/Dch2-0'0 4- ±mD/Dch°'2t0 

2 0,0,2 I '"0,0,0 "1,0,2 ~ 2'"2,0,0 "1,0,2 ~ 2 0,2,0 "1,0,2 

+±mD/Dch°'0'2 4- m
D/D^h^° + mD/Dch°'1A 4- mD/Dch1'0'1 \ 4-

~ 2 0,0,2 "l,0,2 ~ '"l,1,0 "l,0,2 ' '"0,1,1 "l,0,2 ~ '"l.Ojl "l,0,2 J ~ 

rr)c/Cc(mD/Dch°'°'° 4- lmD/Dch2'0'0 4- lm
D/Dch0'2'0 

'"1,1,0 I '"0,0,0 "2,1,0 ' 2 2,0,0 "2,1,0 ' 2 0,2,0 "2,1,0 

, lmD/-bc J,0,0,2 , D/£>c£ 1,1,0 , D/DcL0,i,l , D / D c L l , 0 , l \ , 
^ 2 0,0,2 "2,1,0 r '"1,1,0 "2,1,0 ' '"0,1,1 "2,1,0 ^ '"1,0,1 " 2 , l , o ) T 

mc/Cc( mD/Dch°'°'°+ -mD/Dch2'0'0+ -mD/Dch0'2'0 
'"0,1,1 I '"0,0,0 "1,1,1 ' 2 2,0,0 "1,1,1 ~ 2 0,2,0 "1,1,1 

4-ITr,D/-Dc 1,0,0,2 , ^ D / O c '1,1,1,0 , D/DCL0,1,1 , D/DCU1,0,1 \ , 
^ 2''''0,0,2 " l , l , l I ' " l , l ,0 ' n , ! , ! ^ ' ' t0,l , l " l , l , l ^ '" l ,0, l " l , l , l j ' 

m c / C c (mD/Dch°'0'° 4- ±mD/Dch2-0'0 4- ±mD/Dch0,2'0 
'"1,0,1 I '"0,0,0 "2,0,1 ' 2 2,0,0 "2,0,1 ~ 2 0,2,0 "2,0,1 



www.manaraa.com

3.6. ANALYSIS OF THE FORCE EQUATIONS 59 

+ lrn
D/DchO,0,2 , mD/DcU\,l,0 , D/DCL0,1,1 , D/DCL1,0,1 

^ 2 0,0,2 "2,0,1 ~ '"'1,1,0 "2,0,1 ~ '"0,1,1 "2,0,1 ~ '"1,0,1 "2,0,1 

Suppose further for simplicity that principal axes can be chosen and both Body C 

and Body D can be oriented to align the principal axes in a parallel set of orthogonal 

coordinates. Due to the choice of principal axes, the cross products of inertia are 

identically zero for both Body C and Body D {mff°0
c = m°ffi = mcJ^ = 0) . The 

second order expanded form of Equation 3.30 further reduces to: 

,C/D 
— lmC/Cc I OmD/Dc L0,0,0 , mD/Dc L2,0,0 , D/D c L0,2,0 _, D/D c LO.0,2 .1 (O o<y) 
_ 2 0,0,0 l ^ ' "0 ,0 ,0 "l ,0,0 ' '"2,0,0 "l ,0,0 ' '"0,2,0 "l ,0,0 ' '"0,0,2 "l,0,0 I \O.OAJ 

£f : =±m
c'c' 

(-1 2 0,0,0 

- L I ^ C / C C / OmDlDch0,0fi , £>/DcL2,0,0 , D/DCL0,2,0 , £>/Dct0,0,2 
V 4 '"2,0,0 I ^ ' "0 ,0 ,0 "3,0,0 T '"2,0,0 "3,0,0 ' '"0,2,0 "3,0,0 ~ '"0,0,2 "3,0,0 

xin,0/^ (2mD/Dch0'0'0 4- m
D/Dch2'0'0 4- m

D/Dch°'2fi + rnD/Dch0'0'2 

' 4 '"0,2,0 I ^ ' "0 ,0 ,0 "l ,2,0 I "S.O.O "l ,2,0 ~ '"o,2,0 "l ,2,0 ~ '"o,0,2 "l ,2,0 

4-1,77c/^c f 2mD/Dch°'0fi 4- mD/Dch2'0'0 4- m
D/Dch0'2'0 4- m

D'D^h0'0-2 

' 4 '"o,o,2 t ^ ' "0 ,0 ,0 "1,0,2 T '"2,0,0 "1,0,2 T '"0,2,0 "1,0,2 T '"0,0,2 "1,0,2 

Equation 3.32 provides us with the ability to analyze the accuracy of the Newtonian 

gravitational attraction force between two bodies. By looking closely at the informa

tion presented in Equation 3.32, the first term is precisely the classical Newtonian 

attraction formula for two bodies located at a large separation distance compared to 

the size of the body: 

jpC/D CD 
£ f = m c / C c m D / D c / i 0 ' 0 ' 0 + • • • = mcmD — - 4 • • • = m m x 

G ^0,0,0^0,0,0^1,0,0+ rn m 4 ^ x 
K^cm ^ l>cm ' ^cmJ 

Thus, the remaining terms are correction terms to the classical Newtonian gravita

tional force, which are neglected due to the assumption of a large separation distance 

relative to the size of the attracting body. 

From physics and a little calculus, it is known that the mass attraction force 

between two spheres is equivalent to the attraction force between two point masses. 

Thus, the correction terms in Equation 3.32 must sum to zero for two spherical 

file:///O.OAJ
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bodies. From symmetry, a spherical body has identical moments of inertia in each 

principal direction and similarly, the second order mass moments are all equal. Body 

C and Body D are represented as symmetrical bodies by defining second order mass 

moments to be equal, such that: 

'" '2,0,0 '"'0,2,0 ' "0 ,0 ,2 ' " 2 

mD/Dc _ mD/Dc _ rrjD/Dc _ mD/Dc 
'"•2,0,0 ' " 0 , 2 , 0 ' " 0 , 0 , 2 ' " 2 

(3.33) 

and then substitute into Equation 3.32 to obtain: 

TO 
FC/D 

G 
= 

+ 

+ 

+ 

' " 0 , 0 , 0 ' " 0 , 0 , 0 

lmC/CcrnD/D, 
2'"o,0,0 "b2 

lrnC/CCrnD/D, 
2 ' " 2 ' " 0 , 0 , 0 

\m°lc°m°/D' 
(3.34) 

/" 1,2,0,0 1 1,0,2,0 _i_ J,0,0,2\ 
V 1,0,0 "T " l , 0 , 0 ' "'1,0,0,/ 

f/jO.O.O ,o ,0 ,0 , M>,0,0\ 
V 3,0,0 ~ " l , 2 , 0 > " l , 0 , 2 / 

( (1,2.0,0 , ^0,2,0 + / , 0 , 0 , 2 A 
I V 3,0,0 ~ "3,0,0 ' "3 ,0 ,0^ 

+ feis+-'^+TO) ; 

+ (TO+Ko!2 + TO)) 

Since the mass moments of each Body are non-zero, the repeated derivatives must sum 

to zero. In order to unlock the information contained within the repeated derivatives 

contained within the correction terms in Equation 3.32 and Equation 3.34, return 

to the definition of the sub- and super-scripted repeated derivative function h for 

the distance between two points. The definition of the repeated derivative function 

was defined during the double Taylor series expansion of the function representing 

the distance between a point on the body and a point P. The distance between a 

point P = (a,b,c) and a point on the body in Cartesian coordinates, Figure 3.1, is 

given by Equation 3.1. The subscripts on the repeated derivative function h represent 

derivatives of the distance between two points, Equation 3.1, with respect to x,y,z 

and then evaluated at the origin, (x = 0, y = 0, z = 0). The order of the subscripts 

will match the order of the corresponding mass moment multiplier for Body C plus 

one. For a Force in the x direction, the order (1,0,0) is added to the subscript of the 
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repeated derivative function h and (0,1,0) and (0,0,1) are added for a Force in the 

y, and z directions respectively. The increase in the derivative order as such, results 

directly from the fact that the Force is the gradient of the gravitational potential 

function. The superscripts represent the derivative with respect to the point a,b,c 

and then evaluated at the center of mass (:ccm, ycm, zcm) of the second body, Body 

D. The order of the superscripts will thus match the order of the corresponding 

mass moment multiplier for Body D. To simplify the procedure for calculating the 

derivatives, point P is chosen to be the center of mass of the second distributed Body. 

We thus have an alternative representation of the repeated derivative function: 

foP,t,r = fi\((i+J+k)(.P+q+r))r(i+p),(j+q),(k+r) (3 35) 

and the superscripts on / are the orders of the derivatives with respect to x, y, z. 

Although this representation hides more of the information, such that the subscript 

on the multiplying mass moments no longer matches the superscript of derivative 

function / , the representation aids in computation of the derivative terms. Using 

Equation 3.35, the required repeated derivatives for the double second order expansion 

are calculated. The origin of the coordinate system is placed at the center of mass 

of Body C and the center of mass of Body D is located at (x,y,.z) = (xcm, ycm, zcm). 

The distance between the mass centers of Body C and D is therefore simply: 

r= VXcm + ycm + zln (3-36) 

The calculated repeated derivatives are then: 

1,0,0,0 f l ,0 ,0 
'n,o,o ~ J ~ 

3 
xcm n&cm / ,2,0,0 __ L0,0,0 _ f3,0,0 _ 1t-±£2£L Q 

^1,0 ,0 — "3 ,0 ,0 " " / — 15TT - 9 

2 
1,0,2,0 J,0,0,0 f 1,2,0 . , XcmVcm Q 

" l A O — " l ^ . o — J ~ i b r7 ~ 6 

^0,0,2 ^0,0,0 f 1,0,2 ", rXcmZCm r. 
"'ififi ~ "1 ,0 ,2 — J ~ i b r 7 _ 
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Kfifi = J5'0,0 =• 9 4 5 H ^ - 1 0 5 0 ^ •+. 2 2 5 ^ 

KH = h''°2°o = f3'2'° = 9 4 5 5 ^ - 105^-315^1^ + 45^m 

Kt0o2o = hlZ = Z3,0'2 . = 9 4 5 ^ a _ 1 0 5 ^ _ 3 1 5 2 2 2 | ^ + 4 5 ^ m 

^ o = / M ' ° = 9 4 5 ^ ^ - 6 3 0 ^ ^ + 4 5 ^ 

1,0,0,2 1,0,2,0 f 1,2,2 „ „ I i m ! ) e i n ^ c i n , n „ XcmVcm 1 n i- ' n n ' o n _. , r I c m 
'tl,2,o — "1,0,2 ~ J — y4t5

 rii
 _ i u t ) r9 _ r9 + r7 

,,0,0,2 = ju.0,4 = 9 4 5 ^ - ^ _ 6 3 0 £ £ I 2 | k + 4 5 ^ 

(3.37) 

Using the calculated repeated derivative functions, we return to the correction terms 

in Equation 3.34. The first two correction term repeated derivatives are identical: 

/• 1,2,0,0 _i_ 1,0,2,0 1 r,o,o,2~\ (uo,o,o 1 1,0,0,0 I i,o,o,o\ 
V"i,o,o ' "1,0,0 ">" 'ti,o,o//

 — V 3,0,0 "I" " I ^ O ' lbi,oa) 
3 2 2 

__ I K ^ c r n _ CiXcm _l_ 1 C ^cmVcm __ OXcrn I 1 g x c m - Z e m O^cm 

Collecting terms with the same power of r, one can simplify to find the leading 

repeated derivative terms sum to zero for the case when each body has equal second 

order mass moments (moments of inertia) in each direction. 

/1,2,0,0 1 1,0,2,0 1 I,0,0,2\ _ / i .0 ,0 ,0 , 1,0,0,0 _j_ L0,0,0\ (1 Q f i V 
(^1,0,0 + ^1,0,0+"i ,o,oJ - l"3,o,o + "1,2,0 + "1,0,2J {6.6b) 

1 r cm ' ~<~"<-ycm ' M" cm i r _ 

-• r -^crn \xcm J~ Van + Zcm) -ir.Xcm 

T - *£cm T r •^cm 
15—— — 15" 

j»0 /r*0 

0 

Similarly, one can algebraically show that the remaining derivative terms sum to zero 

for the case when each body has equal second order mass moments (moments of 

inertia) in each direction: 

B + C+0 = fl (3-39) 
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vn^.o T "1,2,0 ' '*i,2,oy w 

V 1,0,2 ' /Al,0,2 r "1,0,2/ u 

As expected, the correction terms sum to zero yielding the classical Newtonian attrac

tion force between two spheres, when each attracting Body has equal second order 

mass moments in each direction about parallel coordinate systems located at the mass 

centers. 

3.7 Force Equation in Matrix Form 

For purposes of computational efficiency, it is often favorable to represent a sys

tem of multiplications and additions in matrix form. By using a linear algebra rep

resentation, optimized linear algebra packages can be used to increase computational 

efficiency. To rewrite the equation for the force on Body C due to Body D in matrix 

form, begin with the equation for the force, Equation 3.32, which has assumed that 

the cross products of inertia for Body C and Body D are zero. Using Equation 3.35 

one rewrites Equation 3.32 to obtain: 

F°/D 

G 4 < ^ {z<Z*r'° + <!£rfi + m£?71A0 + Kc^/1 '0 '2) (3-40) 
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Rearranging the terms into a matrix, the Force on Body C due to Body D with the 

cross products of inertia identically equal to zero can be written as: 

F^D 

G 

pC/D 

G 

Fc,o 

G 

2 0,0,0 

4"*'2,0,0 

I f f l c /c c 
4 ' " ' 0 , 2 , 0 

k<rnC/Cc 
_4" ( ' 0 ,0 ,2 . 

'imC/Cc 
2 0,0,0 

4 '"^.o.o 

4 0,2,0 

. 4 " t 0 , 0 , 2 . 

2 0,0,0 

±ry)C/Cc 
4 " l 2 , 0 , 0 

4 ' " 0 , 2 , 0 

_ 4 ' " o , 0 , 2 . 

1 

T 

T 

'2Ji,o,o 

2/3,0,0 

2/1-2 '0 

2/1,0,2 

"2/0,1,0 

2/2,1,0 

2/0-3.0 

2/0,1,2 

"2/0,0,1 

2/2,0,1 

2/0,2,1 

O f 0,0,3 

{3,0,6 

/ 5 . 0 . 0 

^3,2,0 

f3,0,2 

/ 2 , 1 , 0 

/ 4 , 1 , 0 

J"2,3,0 

/ 2 , 1 , 2 

/ 2 , 0 , 1 

/ 4 , 0 , 1 

/ 2 , 2 , 1 

f 2,0,3 

/ 1 , 2 , 0 

f3,2,0 

f1A'° 
/ 1 , 2 , 2 

^0,3,0 

f2,3,0 

/ 0 , 5 , 0 

f0,3,2 

/ 0 , 2 , 1 

/ 2 , 2 , 1 

/ 0 , 4 , 1 

f0,2,3 

/ 1 , 0 , 2 " 

{3,0,2 

/ 1 , 2 , 2 

/ 1 , 0 , 4 _ 

/ 0 , 1 , 2 -

/ 2 , 1 , 2 

f 0,3,2 

/ 0 .1 ,4_ 

f0,0,3 

f2,0,3 

f0,2,3 

/ 0 , 0 , 5 _ 

~mD/Dc~ 
' " '0 ,0 ,0 
mD/Dc 

' " 2 , 0 , 0 

mD/Dc 

' " '0 ,2 ,0 

_"Vo,2 . 

'mD/Dc' 
" ' '0 ,0 ,0 

mP/Dc 

mD/Dc 
' " 0 , 2 , 0 

mD/Dc 
_'"o,o,2 . 

~mD/Dc~ "Vo.o 

' " 2 , 0 , 0 

' " 0 , 2 , 0 

mD/Dc 
. ' " 0 , 0 , 2 •_ 

(3.41) 

(3.42) 

(3.43) 

3.8 Application to Computational Methods 

3.8.1 Finite Element Discretization 

Proceed now to consider the situation where one wishes to discretize a large dis

tributed body into a finite element representation. By using the information contained 

within Equations 3.31, 3.32 & 3.34, one can quickly deduce criteria for which a finite 

element representation will yield valid results. It is common practice to represent a 

distributed body with several point masses and to then sum up the contribution due 

to each element to obtain the gravitational attraction force for the entire distributed 

body. These point masses are essentially approximating the finite elements of the 

distributed body. For example, if the point masses are placed on equally spaced grid 
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points parallel to the axes of a Cartesian coordinate system, the point masses will 

be approximating a block-shaped finite element. It is already well known that by 

increasing the number of point masses representing a body, a more accurate approx^ 

imation to the actual gravitational attraction force can be calculated. By increasing 

the number of points representing a body, the moments of inertia for the finite el

ement which the point mass is approximating will approach zero in the limit. It is 

clearly seen by Equations 3.31, 3.32 & 3.34, that as one reduces the magnitude of 

the finite element moments of inertia, the correction terms to the classical Newtonian 

gravitational attraction force will approach zero. Thus, for a point mass summation 

approach, where the correction terms consisting of the moment of inertia have been 

neglected, the grid size must be small compared to the separation distance to reduce 

the magnitude of the neglected correction terms. Furthermore, Equations 3.32 & 3.34, 

indicate that one can eliminate correction terms by intelligently choosing the geomet

ric shape and orientation of the finite elements. Suppose an element is chosen such 

that the moments of inertia are equal in all three principal directions and the cross 

products of inertia are zero. This is the case for example, when a sphere or a perfect 

cube, is chosen. In the case of the sphere, as already shown, all of the correction terms 

collapse to zero. For the cube it will be shown in Section 3.10 that a cube is similar 

to a sphere to the fourth order. For a point mass summation approach, by choosing 

symmetric equal spacing of a Cartesian grid, the point masses are representing cubical 

finite elements. Hence cubical finite elements are nearly equivalent to using a point 

mass summation approach as long as both grids for each attracting body are aligned 

along the directions of a common Cartesian coordinate system. Thus, in order to 

calculate accurately the gravitational attraction force between two distributed bodies 

using a point mass summation approach, the points must be placed equidistant apart 

in the coordinate axis directions. This can become problematic when the distributed 

body has one dimension that is much larger than the smallest dimension. In addition, 

the principal directions of the grid used for each object must be the same. This can 

become restrictive if one desires to rotate the grid directions of one body to maximize 

the number of equally space grid points that are within a surface that is not parallel 

to a principal direction. To use a point mass summation approach for objects which 
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Figure 3.5: Common Cartesian grid direction for two bodies. 

would require grids aligned in different directions for each body, a higher density of 

points would be required. For example, Figure 3.5, indicates a situation where the 

limitation of retaining common grid directions in each body would require additional 

points to obtain a valid result using a point mass summation approach. It can be 

clearly seen that Body C is well represented in the discretization, whereas Body D is 

not. 

3.8.2 Point Mass Summation Limitations 

There are four criteria that must be considered when using a point mass summa

tion approach to calculate the gravitational attraction force between two distributed 

bodies: 

1. Assumptions of ideal geometry and density distribution will lead to an uncer

tainty between the point mass model and the physical system. 

2. Large number of points required to reduce moments of inertia and hence mag

nitude of correction terms. 

3. Point mass locations must be equally spaced in all three dimensions. (Cubical 

finite element representation.) 

4. Grid principal directions must be common for all the distributed bodies. 
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For simple geometric test cases, these criteria are often not problematic. However, 

these requirements can become restrictive for instances involving: 

• Materials with unknown variations in the density distribution. 

• Components not manufactured with tight fabrication tolerances. 

• Large aspect ratio bodies. (Unable to increase the grid size in one direction, 

while keeping grid spacing in other directions fixed.) 

• Large distributed bodies requiring lots of points for accuracy. 

• Irregular shaped bodies. 

• Simulations using non-cubical finite elements. 

In such cases, where the restrictions of the point mass summation are limiting, it 

is useful to utilize the double Taylor method presented in Equation 3.30 or Equa

tion 3.31. Although the restrictions may not at first appear problematic, there are 

several situations which arise in common practice that become problematic for accu

rate results using a point mass summation approach. Consider for example, a high 

precision sensor on a satellite, for which a gravitational mass attraction analysis must 

be performed. Large aspect ratio bodies can be quite common, which include satellite 

wiring and plumbing. For wires and pipes, it is difficult to increase the number of 

points in all directions equally while discretizing the object into finite elements. Typi

cally, one would want to increase the number of points in the direction along the wire, 

while keeping the number of points in the cross sectional directions fixed. Yet, this 

procedure violates the criteria outlined for which a point mass summation technique 

will yield valid results. A satellite is also composed of many complex-shaped compo

nents. If a gravitational mass attraction analysis is to be performed to a high degree 

of accuracy, then a large number of points could be required. By using the double 

Taylor method, it is possible to reduce the overall number of points. If the double 

Taylor method is applied through a second order expansion, the object may be repre

sented by the mass and moments of inertia, eliminating the need for discretization. In 

addition, uncertainties associated with material properties and fabrication could be 
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included by utilized measured parameters for the mass properties. If a discretization 

method is used to represent the satellite using finite elements for multiphysics simu

lations, it is often desirable to use one common grid for all the simulations. However, 

solid objects are usually discretized using tetrahedrons or block elements rather than 

cubical elements. If a tetrahedron mesh is used, then the criteria of equally spaced 

grid points in all directions will be violated, requiring the use of the double Taylor 

method to achieve accurate results. 

3.9 Errors Due to Non-Exact Symmetrical Body 

In Section 3.6 after assuming that the second order mass moments were identi

cally equal, Equation 3.33, it was shown that the correction terms to the classical 

Newtonian attraction force sum to zero. This resulted in a collapse of the double 

Taylor equations to the equivalent of computing the attraction force between two 

point masses. However, in practice it is often difficult to manufacture an object with 

identical mass moments (moments of Inertia) in each principal direction. It is there

fore of interest to determine the error associated with using a point mass attraction 

formula if the attracting body is not perfectly symmetrical. Consider the case where 

the second order mass moment in the x direction is slightly larger than the other two 

principal direction second order mass moments: 

™%C
0
C-&™Zco ='mZ%e'= < w = m" / C c (3-44) 

For simplicity, further assume that the second distributed body, Body D, is a perfectly 

symmetrical body, such that second order mass moments are identical. 

rrjD/Dc — rrjD/Dc _ r r ) D / D c _ r„D/Dc 
" ' 2 , 0 , 0 ' " O ^ . O " * 0 , 0 , 2 " * 2 

Begin with the double Taylor equation for the attraction force in the x direction, 

Equation 3.32, where the cross products of inertia are zero for both attracting bodies. 



www.manaraa.com

3.9. ERRORS DUE TO NON-EXACT SYMMETRICAL BODY 69 

Plugging in the chosen geometry into Equation 3.31, one obtains: 

G 
C / C C D / D C . 0 , 0 , 0 
0,0,0 0,0,0 1,0,0 

+ \mZ°<( « ' * + 8n%$) ^Z + < / C e ^ S + </Ceh^ 

= mc/CcmD/Dch°'0fi + -mD/Dc8mc/Cch0'0-0 

— '" '0 ,0 ,0 ' " '0 ,0 ,0 "1 ,0 ,0 ' 2 0,0,0 " ' " 2 , 0 , 0 "3 ,0 ,0 

(3.45) 

Again, the last term can be viewed as a correction term to the classical Newtonian 

gravitational attraction force between two point masses. If the second order mass 

moment is larger in either the y or z direction for the chosen slightly asymmetric 

geometry, a similar expression can be obtained. To summarize, for the three different 

cases where each mass moment in the x, y, or z direction is slightly larger, the 

attraction force is: 

Fx
c/D 

G 
C / CC D/DC h0,0,0 , 

' " o , 0 , 0 ' " o , 0 , 0 " l , 0 , 0 ' 

hm?'°°6m?'csh0™ if mc'c° - 5mcJ^ = mc'c' 0,0,0 "2,0,0 • "3,0,0 2,0,0 2,0,0 

< \<i^<!Zc^Z if <2
Coc - * < # = mc

2
/Cc 

I^D/DCX^C/CCUO.0,0 ; r rnC/Cc _ KmC/Cc — mC/cc 

2 ' " 0 , 0 , 0 " ' " 0 , 0 , 2 "1 ,0 ,2 LL ' " 0 , 0 , 2 " ' " 0 , 0 , 2 — ' " 2 

(3.46) 

Using the information presented in Equation 3.46, one can easily determine the sen

sitivity to the magnitude of the attraction force due to a slight asymmetry of a 

symmetrical body. 

To calculate the magnitude of the correction terms, a simple test case is chosen 

consisting of two nominally cubical masses. One side of the central attracting mass, 

Body C, is manufactured to be slightly different in length than the other two di

mensions. Let the side in the x direction to be slightly larger by e as presented in 

Figure 3.6, resulting in a change of the mass moment. For a simple brick-shaped ob

ject, the mass moment terms can be easily calculated by hand. If a constant density 
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Figure 3.6: Slightly asymmetric central Body C and symmetric Body D. 

rectangular brick of dimension a, b, c in the x, y, z directions respectively is considered, 

the mass moments are found to be: 

I I .a. 
mc/Cc 

"l'i,3,k 

mc/c< 
i<3,K 

= j IJ„W6**»** 
_ £ b _ f i 

2 -^2 2 

0 if i or j or k is odd, 
aV+V6V'+Vc\fe+1 (3.47) a(aY+ (>>-Y+ (c\k+ 

& (j+i)(j+i)(A:+i) otnerwise 

Recognizing that m ^ c is the mass of Body C, Equation 3.47 can be rewritten to 

remove the density term ac to produce: 

m 
C/Cc 

i,j,k = < 
0 if i or j or k is odd, 

(*)'(*)*(!)' 
k (i+l)(j + l)(k+l) ""0,0,0 w ? ^ c otherwise 

(3.48) 

Using Equation 3.48 and the repeated derivative functions listed in Equation 3.37, 

the correction term magnitudes in Equation 3.46 can be computed. However, before 

actually computing a value for the correction term, it is useful to gain some intuition 

on how the results should behave for various locations of Body D. By looking closely 
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Figure 3.7: Repeated derivative function /i°'°'° in the x, y plane. 

at the correction terms in Equation 3.46, one should observe that the location depen

dency information is all contained within the repeated derivative function. For an 

object, the mass and the variation of the second order mass moment can be considered 

fixed. The remaining term is only the repeated derivative function, which depends 

on location. Thus, the behavior of the correction term magnitude will behave like the 

repeated derivative function. Figure 3.7 is a plot of the repeated derivative function 

h°3'°'° in the x, y plane. 

By observing the information provided in Figure 3.7, it is seen that the largest 

positive value of the correction term due to the additional length in the x-direction 

will occur when the radial distance is aligned along the x-axis. Selecting a location for 

the Body D to be along the x-axis, the point mass attraction force in the x-direction 

and corresponding correction term were calculated. The value used for each variable 

in the calculation is found in Table 3.3. In the calculation the mass was assumed con

stant, such that an increase in the x-direction length of Body C and hence a change 

in the volume, would alter the density. Using the values presented in Table 3.3, the 
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entifier 
a 
b 
c 
e 
s 

x,y,-z 

Tnc/cc 
'"'0,0,0 
mD/Dc 
'"•o.o.o 

S™%Co 

Description 
Nominal x-direction length of Body C 
Nominal y-direction length of Body C 
Nominal ^-direction length of Body C 
Error in x-direction length of Body C 
Nominal cube side length for Body D 
Body D mass center location relative 

to Body C 
Body C mass 
Body D mass 

Change in Body C 2nd order mass 
moment due to e 

Value 
40 
40 
40 
0.1 
40 

(60, 0, 0) 

1.37 
1.37 

0.9145 

Units 
[mm] 
[mm] 
[mm] 
[mm] 
[mm] 
[mm] 

[kg] 

N 
[kg mm2] 

Table 3.3: Input for non-symmetrical body calculation. 

point mass attraction force on Body C due to Body D in the rr-difection was found to 

be F°/D = 3.4788 x 10~8 N with a correction term of <5Ff/D = 1.9351 x 10"11 N. This 

results in a total force of Fx = 3.4808 x 10~8N . The correction term magnitude 

is small compared to the point mass force, but in situations where a precise value 

is required, the contribution can become significant. Consider for example the LISA 

mission, where the static value of the gravitational attraction force must be kept below 

5 x 10~10m/s2 for the entire satellite [42]. If there are approximately 25 components 

within the entire satellite which exhibited a similar geometrical error, the mass at

traction disturbance budget would be exceeded if the correction terms were neglected. 

This could easily be the case where perhaps 25 fasteners were slightly longer than 

expected, but still within manufacturers, specifications. The error associated with 

neglecting the correction terms is especially problematic if the mass attraction anal

ysis had assumed the ideal geometry and the actual deviation from the geometry was 

unknown or assumed to be ideal. For this calculation it is important to note that the 

chosen geometry results in the attraction force between a slightly asymmetric body 

in a single direction and a purely symmetrical body. If an additional asymmetry is 

added to the Body D or additional asymmetries are added in other directions, addi

tional correction terms will be generated. In addition, if a body is discretized using 

a slightly asymmetric grid, the neglected correction terms for each element can sum 
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to a significant error if a point mass summation were used. In cases, where precision 

is required, the magnitude of the correction term can, be further reduced by placing 

more strict requirements on the allowed dimensional variation e, or by intelligently 

choosing the location of Body D. 

3.10 Observation: A Cube is Similar to a Sphere 

Using the information presented thus far, it is interesting to note that a sphere 

and a cube exhibit similar gravitational attraction properties. In fact, a cube of 

homogeneous density and a sphere of homogeneous density exhibit identical gravi

tational attraction properties through a third order expansion. To show this, recall 

Equation 3.48 for the mass moments of a rectangular brick-shaped object, where it 

was found that the mass moments mf/^ are identically equal to zero if i or j or k is 

odd. Thus, the third order mass moments for a brick-shaped object are identically 

equal to zero. For a cube, each side of the brick-shaped object are identical in length. 

As a result, the moment of inertia in each principal direction and similarly the second 

order mass moments are all equal. In Section 3.6 it was shown that when such a 

condition exists, namely all the moments of inertia are identical, then the attraction 

equations simplify to that of the classical Newtonian attraction equations. Thus, for 

a homogeneous cubical shaped geometry, the attraction force through the third order 

expansion is identical to the classical Newtonian attraction equation. 

3.11 Variations in Density 

Although during the derivation of the attraction force between two distributed 

bodies, a constant density distribution was assumed, a variation in density throughout 

the body can still be accounted for when using Equation 3.30. By looking closely at 

the force equation due to two distributed bodies, it is noted that information regarding 

the mass distribution is all contained within the mass moment representations. Thus, 

the solution to incorporating variations in density into the attraction force calculation 

lies within the determination of the mass moments. As described in Section 3.2, two 
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basic approaches exist: a physical measurement approach and a modeling approach. 

The first solution utilizes physical measurements of the moments of inertia to 

account for the unknown density variation. By computing the attraction force using 

measured moments of inertia of the component in question, variations in density as 

well as geometric variations will be included in the attraction calculation. As a result, 

the exact density distribution within an object need not necessarily be known in order 

to determine the actual gravitational attraction force. In fact, by using measured 

quantities in a Taylor Series representation of the gravitational mass attraction, the 

only Unknown uncertainty in the calculated attraction force lies within the neglected 

higher order terms. 

The second solution involves a modeling approach, where either the density dis

tribution throughout an object is known or can be described using a polynomial 

representation. Knowledge of a variation in density within the body can be included 

in two ways. The first is on a finite element level during the computation of the 

mass moments for each individual tetrahedron. When the distributed mass is bro

ken into individual tetrahedrons to calculate the volume moment, the density of the 

tetrahedron being computed can be multiplied by the volume moment, before the 

result is summed to determine the volume moments for the entire body. This method 

allows for single point variations within the density, since single tetrahedrons can be 

selected to have a different density than the rest of the volume. Although single point 

variations within the density may not be a likely occurrence, the method allows for 

voids or stress hardened areas near machined surfaces/holes within the structure to 

be included. 

The second method for incorporating a variation in density within the mass in

volves a polynomial representation for the density. First we return to the fundamental 

derivation of the attraction force, where the negative gradient of the gravitational Po

tential was applied. The Potential at point P, Equation 3.2, modified to explicitly 

denote a non-constant density throughout the volume occupied by the distributed 
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body is: 

U(P) = GJjJa(x,y,z)f(x,y,z)dxdydz (3.49) 

v 

Again, one takes the negative partial derivative of the Potential with respect to the 

variable x to obtain the attraction force in the x-direction. By applying the chain 

rule due to the non-constant density term, a modified form of Equation 3.3 for the 

attraction force is obtained. 

F*(P) , , , 
Gmp 

v 

= JjJ ac(x, y^fW&y, z) dx dy dz 

v 

/ / / <jcl'0'°(x,y,z)f(x,y,z)dxdydz (3.50) 

The comma-delimited superscript notation on the density is again used to denote the 

derivative order with respect to the first, second, and third coordinates (x,y,z). By 

using our insight of the resulting force equation due to two distributed bodies with 

constant density, it is again noted that information regarding the mass distribution is 

all contained within the mass moment representations. Knowledge of a variation in 

density within the body can then be included in the mass moment terms. Assuming 

a polynomial representation for the density can be determined, the modified mass 

moments can be calculated. Recall the definition of the volume moment and mass 

moment, Equation 3.7, and Equation 3.8, again modified to explicitly indicate a non-

constant density: 

M%c
k° = ff[xiyjzkdxdydz 

v 

mc/Ci 
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For a simple example, suppose that the density can be denned as: 

ac(x,y,z) = iix + vy' + £z + a0 (3.51) 

After substituting the expression for the density as a function of spatial coordinates, 

we see that the mass moment due to the density variation becomes: 

mr. %°c = ac{x,y,z)xiyjzkdxdydz 

v • 

= / I / iixxty:'zkdxdydz + / / / uyxlyjzkdx dydz -f 

, - . - . • > v • . : v 

£zxlyjzkdxdydz + a0x
lyjzkdxdydz 

= .»M%% + vM%Z + £!*%& + m ^ - ; (3,52) 

Thus, depending on the representation of the density as a function of position, the 

mass moment representation in Equation 3.30, can be substituted by a weighted 

summation of higher order volume moments and the constant density mass moment. 

For the second term in Equation 3.50, which contains the derivative of the density 

function, we apply a similar technique for the mass moment representation, where 

the derivative of the density is used. 
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Chapter 4 

Mass Property Measurements for 

Mass Attraction Calculations 

Due to material property limitations and machining technology, it is not feasible 

to manufacture something which is perfectly homogeneous in density or geometrically 

exact as designed. Geometrical imperfections can be minimized by tedious measure

ments and with modern machining methods, but there will always exist a deviation 

from the desired ideal final product. Material density variations can be reduced by 

choosing appropriate materials, but the density distribution within an object will 

never match an ideal homogeneous distribution. It is not practical nor feasible to 

manufacture a part which has a completely homogeneous density. For example, typ

ical inhomogeneities for steel can be on the order of a part in 103. In addition, there 

may be density variations due to the machining process, such as localized stress hard

ening. Brass and BeCu typically have a density inhomogeneity within the range of a 

part in 104 to a part in 105. Some ceramics can even have a density inhomogeneity 

as high as several percent. 

These real-world variations in geometry and the density distribution create an 

uncertainty, which may lead to an unacceptable error in gravitational mass attraction 

calculations. Consider for example the Disturbance Compensation System, DISCOS, 

for the first drag free satellite. For DISCOS, the beryllium oxide proof mass housing 

was expected to have better than 0.1% density uniformity [15], such that the total 

78 
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contribution to the drag-free disturbance budget due to mass attraction effects was 

on the order of 20%. Yet, the manufacturer could only guarantee the material to be 

manufactured with a 0.3% density uniformity [16]. The result was an increase in the 

mass attraction budget for the proof mass housing to over 40 % of the total drag-free 

disturbance budget [17], [53]. 

For drag-free satellites, the associated uncertainty in the mass properties and 

geometry create an uncertainty in the mass attraction calculations, which may lead 

to an unacceptable contribution to the disturbance budget and hence a reduction in 

the drag-free performance. One method to proceed in the satellite design process is 

to place stringent requirements on the density distribution within a component to 

ensure that the mass attraction noise budget allocation will not be exceeded due to 

the associated uncertainty. For high-precision drag-free references, the requirements 

of an ideal geometry or homogeneous density distribution can easily force the use of 

special materials or manufacturing processes. 

In order to reduce the uncertainty in the mass attraction calculations associated 

with idealized geometry and density assumptions, it is desired to physically measure 

the attraction force. The gravitational mass attraction force between the drag-free 

reference mass and the surrounding satellite can not be easily measured directly. Yet, 

as shown in Chapter 3, the mass attraction formula through a second order expansion 

consists of the measurable quantities of mass, mass center, and moment of inertia 

about the mass center. Thus, the gravitational mass attraction force on the drag free 

reference due to the satellite can be indirectly measured to the third order, which 

includes the unknown density inhomogeneities and geometry variations. The only 

unknown uncertainty in the calculated attraction force then lies within the neglected 

higher order terms. The geometrical and density variation errors do not contribute 

significantly to the remaining higher order terms and may be modeled, requiring 

only ~10% accuracy to achieve better than ~le-5 overall accuracy. As a result, the 

exact density distribution within an object and the geometry need not necessarily be 

known or measured in order to determine the actual gravitational attraction force. 

Variations in density as well as geometric variations will be automatically included 

in the calculation by utilizing the measured mass properties. 
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Mass Property Measurement 
Precision 

Notes 

Mass 

Mass Center 

Moment of Inertia 

1 part in 10y For lkg object. 
Reference: [14] 

~ 100nm Reference: [9], [12] 

1 part in 104 For 2.25 kg object. 
Reference: [54] 

Table 4.1: State of the art mass property measurement capabilities. 

In order to predict the satellite system gravitational mass attraction force and force 

gradients, physical mass property measurements are necessary. The corresponding 

properties of mass, mass center, and moment of inertia must be precisely determined 

for the proof mass and satellite components. The remainder of this chapter will 

therefore provide an overview of mass property measurement techniques. Table 4.1 

provides an initial overview of current state of the art mass property measurement 

abilities, which are discussed in the following sections. 

4.1 Mass Measurement 

The physical property of mass is a fundamental property associated with all ob

jects and the measurement or quantity of mass is required for a number of every day 

applications, including international commerce. As such, the unit of mass is denned 

by international treaty to establish a consistent set of measurement units. The unit 

of mass in the International System of Units is the kilogram and the value is denned 

with reference to an object known as the International Prototype Kilogram (IPK). 

A variety of measurement techniques exist for mass measurement and the ability to 

measure mass is at an unprecedented precision. In fact, the National Institute of 

Standards and Technology (NIST) offers mass calibration measurement services [45] 

with an uncertainty of 50 x 10_9kg at lkg and replicas of the IPK have been mea

sured to nearly 1 x 10_9kg using the best balances [14]. Thus, the use of an object's 
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mass for an indirect measurement of gravitational attraction force will not hinder the 

overall precision of the attraction force measurement. 

Required Precision 

Whenever performing measurements, it is often helpful to know the answer to the 

question "how good does the measurement need to be?". One can not justify the 

additional expense or complexity to measure an item to state of the art precision if 

an approximate value is "good enough". For mass measurements it is however not 

difficult to achieve a high precision with regular laboratory grade equipment. The 

mass of an object is in the first term of the gravitational potential Taylor series expan

sion, which is the standard Newtonian point mass attraction force, F = GMm/r2. In 

order to utilize measured values for the mass in the gravitational attraction analysis, 

the error associated with the mass measurement is directly proportional to the error 

in the attraction properties. The actual required precision for the mass measurement 

will depend on the separation distance between the two objects as well as the relative 

magnitude of the mass for each object. In addition, if the system is composed of a 

number of objects, the required precision on each object will need to be increased 

in order to achieve the overall desired precision on the gravitational mass attrac

tion properties for the complete system. For gravitational wave observatories such as 

LISA, the dynamic stability of the system is also of importance. Stebbins et. al [56] 

estimates a combination of 0.03 kg mass error at a 0.05 m separation distance with a 

displacement stability of 3 x 10~9 m/Hz1/2 is necessary to meet science requirements 

for LISA. 

4.2 Mass Center Measurement 

Since the mass center location of an object is not a fundamental SI unit, the ability 

to measure the mass center is less understood than the fundamental measure of mass. 

Still, the location of an object's mass center is a fundamental mass property. The 

mass center for example is the key reference point for an object when analyzing the 

statics/dynamics of an object. In theory, the mass center for a homogeneous density 
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object of perfect geometry can be calculated and suffices for typical calculations in 

statics/dynamics. For a three-dimensional object, a pendulous technique is typically 

used to determine the mass center offset. Such a measurement technique is capable 

of determining the mass center location to levels greater than approximately 1 fim. 

Conklin [9] has shown that a velocity modulation technique can be used to measure 

the mass center location of spheres to state of art precision on the order of ~ 100 nm. 

Required Precision 

For an indirect measurement of the gravitational attraction force, the equations 

require position location for the object. In addition the equations are simplified by 

choosing the coordinate axes coincident with the object's mass center such that the 

moment of inertia for the object is about the mass center, consistent with standard 

definitions. For the purposes of this work, it is assumed that the position location for 

an object is that of the object's mass center and the current state of the art precision 

is sufficient. Consider for example the simplified point mass attraction force between 

two objects each of mass 1 kg, separated by 0.1 m. The gravitational attraction force 

is on the order of 6.67 x 10~9 N. An uncertainty of 100 nm in the location results in an 

associated uncertainty in the attraction force on the order of 1.3 x 10_15N for better 

than 2 parts in 107 order of accuracy on the point mass attraction force. For Triad-

1/DISCOS, a position uncertainty of 0.5 mm was allowed for a part with mass of 

about 1 g located within the DISCOS electronics [22]. For LISA, Stebbins et. al [56] 

utilized an estimated displacement sensitivity of 3 x 10 -9 m/Hz1/2 to establish the 

requirements on the mass attraction disturbance levels. 

4.3 Moment of Inertia Measurement 

The moment of inertia is also a fundamental mass property parameter associated 

with an object. The moment of inertia is typically important for rigid body rota

tional dynamics. Rotational motion is present in a number of every-day industries 

from automotive to aerospace to information technology. Still, the moment of inertia 
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measurement as compared to the other mass property measurements is the least un

derstood. Often a rough approximation for the moment of inertia is sufficient for a 

number of applications. Typical moment of inertia measurement devices are capable 

of 1 part in 103 accuracy and current state of the art techniques are approaching 

capabilities of a few parts in 104. Space Electronics LLC provides current state of the 

art moment of inertia measurement devices [54], which are capable of an accuracy of 

1 part in 104 for objects on the order of 2.25 kg to 20 kg. These instruments are the 

most accurate commercially available instruments in the world today and are two to 

three times more expensive than the same instrument with a 1 part in 103 accuracy. 

Required Precision 

For gravitational mass attraction measurements utilizing measured values for the 

moment of inertia tensor, it is difficult to provide a direct answer to the question 

of "how good does the measurement need to be?". Although the moment of inertia 

tensor is the least understood of the mass properties, one would like to know if the 

state of the art precision is good enough. In Chapter 3 it was noted that the first 

term in the series expansion is simply the point mass attraction term and the higher 

order terms were therefore corrections due to non-symmetrical shaped objects. The 

terms involving the moment of inertia tensor are the first terms to include the effects 

of a non point mass object. In fact, it was shown in Section 3.6 that the second order 

terms sum to zero for the case when the object has identical principal moments of 

inertia. Thus, the required precision on the inertia will be highly dependent on the 

ratio of the minimum to maximum principal moment of inertia. In general, the more 

symmetrical an object is in terms of the moment of inertia ellipsoid, the more relaxed 

the accuracy requirement may be for the moment of inertia tensor measurements. 

To gain some insight into the required precision on the moment of inertia mea

surements, recall the previous example in Section 1.3.3 between two spherical shaped 

objects (Figure 1.4). The spherical shaped objects in the example contained inter

nal voids, which is comparable to an object with an irregular density distribution or 

where the object has the maximum principal moment of inertia about 10% larger 

than the minimum principal moment of inertia. For the example in Section 1.3.3, 
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the second attracting body was located along the direction of the maximum princi

pal moment of inertia, R = Zr0z. By incorporating the inertia values into the mass 

attraction calculation, the result was a difference of about 3.2% from the point mass 

solution. Now consider the case where the second attracting object is positioned 

along a different principal moment of inertia direction. For the two objects in this 

example, the intermediate and minimum principal moments of inertia are about the 

same magnitude. For the case where the second object is located along the minimum 

principal moment of inertia, R = 3r0x, the difference between the point mass attrac

tion and the double Taylor method, 100% x (FP - FDT) /FDT, is about 1.6%. Thus, 

the actual orientation of each object determines the magnitude of the contribution 

to the mass attraction calculation. Intuitively this makes sense, as the moment of 

inertia is defined by the mass distribution. As a result, the required precision on 

the moment of inertia tensor will also be a function of the actual orientation. Now 

consider an actual uncertainty in the moment of inertia tensor measurement. If the 

two-part sphere in the example has a maximum moment of inertia that is 1 part in 

104 larger, one finds a change in acceleration of 1.5 x 10~13 m/s2, or about a 2.8 in 105 

accuracy. If the LISA static mass attraction disturbance requirement for the entire 

spacecraft is 5 x 10 -10 m/s2 [56], then for this example a part in 104 accuracy for the 

moment of inertia will result in about 3 parts in 104 accuracy on the acceleration. 

4.3.1 Measurement Techniques 

A moment of inertia measurement apparatus typically attempts to produce a 

pure rotation about one degree of freedom. The measurements of rotation can have 

uncertainties when there are significant other degrees of freedom. A number of mea

surement techniques exist for producing the rotation about a single degree of freedom 

in order to obtain the moment of inertia. Devices include for example wire supported 

torsion pendulums, torsion rod platforms and air bearing platforms. A comparison 

of various measurement techniques is presented in Table 4.2. The current state of the 

art measurement apparatus manufactured by Space Electronics LLC utilizes an air 

bearing technology for generating the pure rotation necessary for the measurement. 
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Methods 
Three-Wire Pendulum 

Three-Wire Pendulum 
with Pin Bearing 

Advantages 

Simple 

Simple 

Challenges 

Unconstrained 
swinging modes 

Damping/Friction 

Five-Wire Pendulum Constrained swinging New technique 
modes 

Torsion Rod and Platform Less expensive than 
air bearing platforms 

Air Bearing Platform Current state of the Requires restoring 
art accuracy force. Expensive 

Air Bearing and Torsion Rod Torsion rod provides Expensive 
stability-

Table 4.2: Inertia measurement techniques. 
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4 . 3 . 2 D e t e r m i n i n g t h e I n e r t i a T e n s o r 

As already mentioned, measuring the moment of inertia involves producing a pure 

rotation about one degree of freedom. The moment of inertia for an object is however 

a second order tensor quantity. An apparatus producing a pure rotation can therefore 

only determine the radius of gyration, or rather the instantaneous moment of inertia 

about the rotation axis. Thus, in order to obtain the full inertia tensor ellipsoid, 

measurements must be made about multiple axes of rotation. 

The complete inertia tensor for an object, 7, has nine components Iij six of which 

are independent. Consider an object which is rotating about the unit vector a. The 

instantaneous inertia about the direction of a is a scalar and is given by: 

I = a • I • a (4.1) 

Thus, with n measurements of .^1 along n unique directions, ^ d , the system of n 

equations is formulated: 

(2) J 

(3) / 

« a 2 2^ax^a2 2^W1]a3
 ( 1 )a| 2^a2^a3 Wa§ 

(2)a? 2 ( 2 V ( 2 ) a 2 2 ( 2 V 2 ) a 3 
(2)„? 2( 2 V ( 2 ) a 3 

(2)rt? 

(3>a? 2^ai^a2 2^ai^a3 ^ a 2 2^a2^a3 ^ a 2 

(")a2 2 (B>ai ^a2 2 ^ o ; ( n )a 3
 ( n ) a | 2 ^a2 ^a3

 (n)a2
3 

Lxy 

Lyy 

••yz 

(4.2) 

where x, y, z represent the body fixed axis directions. Rewriting Equation 4.2 more 

compactly as I = Alij, the solution to these n equations in the six unknown inertia 

components can be solved by least squares formulation so long as there are six or 

more independent directions of rotation: 

1 AT (n) Iij = (A1A)-1ArwI (4.3) 

The inertia tensor / is completed by noting that the tensor is symmetric. Furthermore, 
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the covariance matrix for the least squares estimate is given by [57]: 

PLSE = (A'Ay'MSE (4.4) 

where the mean square error of the estimate, MSE, is a function of the residuals 

from the least squares estimate: 

MSE = 

(n)jT (in)j_Al.^ 

m — n 
(4.5) 

where m and n are the number of measurements and the number of unknowns re

spectively. The matrix diagonal, diag(PLSE), produces the covariance elements afj, 

corresponding to the inertia tensor components, 7 -̂. The standard deviation is then 

the square-root of the elements. The resulting standard deviation tensor is denoted 

by ELSE, or in matrix form: 

P. LSE\ — 

®XX 

Gyx 

Ozx 

®xy 

ayy 

azy 

°XZ 

Pyz 

Ozz 

(4.6) 

Once the inertia tensor is determined for the object in the body fixed coordinate 

frame, which potentially may have been arbitrarily defined, the principal moment of 

inertia values, IPn, IP22, IPZV are determined through an eigenvalue problem. The 

eigenvalues are the principal moment of inertia values and the eigenvectors, i\, e,2, 

e3, define the directions for the principal moment of inertia, such that: 

IPn =• ei • 7 • ei 

IP22 = &2' I ' &2 

Ip33 — 63 • / • £3 

(4.7) 

(4.8) 

(4.9) 

Additionally, the eigenvectors create the columns of the required transformation ma

trix from the body frame to the principal axis frame, TplB = ei e2 e3 
, such 
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. • ' • . ( a ) . ( b ) 

Figure 4.1: Torsion pendulum free body diagram. 

that: \ 

[Ip}={Tp'B]T[I]TplB (4.10) 

The rotation matrix is then used to transform the standard deviation matrix to the 

principal axis frame: 

[XP}=[TP'B]T[ZLSE} TP'B : ' (4.11) 

.4.4 Measurements Using a Torsion Pendulum 

4.4.1 Torsion Pendulum Dynamics 

Consider a torsion pendulum with a constraint to rotate about a vertical axis. 

The dynamics follow the simple relationship between the torque, r, the angular ac

celeration, 6, and the instantaneous moment of inertia, / , about the axis of rotation 

for a rotation through an angle 9: 

T = I0 (4.12) 

Three wires may be used for instance to generate the necessary constraint for the 
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torsion pendulum to rotate about a vertical axis. Prom the free body diagram of a 

trifilar torsion pendulum shown in Figure 4.1(a), a rotation of the pendulum platform 

through and angle of 9, results in the restoring force of —mg sin 0, where m is the 

mass of the pendulum, <f) the angular change in the wire position and g the gravita

tional constant. The restoring torque, assuming small angles such that sin<^ ~ 4>, is 

therefore: 

T = —mg(f)r (4.13) 

where r is the distance from the rotation center to the wire attach point. Equating 

Equation 4.12 with Equation 4.13 one obtains: 

I9 = -mg(j)r (4.14) 

From the geometry shown in Figure 4.1(b) it is seen that the relationship between 9 

and 4> is given by equating the arc lengths, such that r9 — L4>, where L is the length 

of the wire. Substituting in the relationship for 0 and rearranging terms, one obtains 

the ordinary differential equation for the motion of the pendulum platform in terms 

of the rotation angle 9: 

9+^-0 (4.15) 

Therefore, the equation of motion is a simple harmonic oscillator where the natural 

frequency of oscillation is: 

(4.16) 

Clearly, the physical system will exhibit some damping and the system response will 

be that of a damped harmonic oscillator. The damped natural frequency, UJ^, is a 

quadratic function of the damping coefficient, .£, given by: 

2 
L) = 

mgr2 

/ L 

Ud = u V l - C 2 (4.17) 



www.manaraa.com

90 CHAPTER 4. MASS PROPERTY MEASUREMENTS 

Thus, the natural frequency of a lightly damped pendulum is not strongly dependent 

on the system damping, and ui^ « u. Since the radius of gyration, Rg, is defined 

as R2
g = I/m, the relationship between the pendulum radius of gyration and the 

frequency of oscillation is given by: 

/ Jfc 
R9 = - = -2 (4-18) 

y m to2 

where the torsion stiffness coefficient k is defined by: 

k = ^ (4.19). 

The torsion pendulum oscillatory frequency therefore characterizes the pendulum ra

dius of gyration, or indirectly the instantaneous moment of inertia about the rotation 

axis. 

4.4.2 Mass Center Measurement Using a Torsion Pendulum 

Although a number of techniques exist for measuring an object's mass center 

offset from the geometric center, it is worth recognizing that a torsion pendulum is 

also capable of such a measurement. Recall Equation 4.18 for the relationship between 

the torsion pendulum rotational frequency and the radius of gyration: 

R2_ I _ k. 
y m OJZ 

By measuring the natural frequency of rotation, the mass center offset from the geo

metric center of an object is also obtained. To see this, first replace the instantaneous 

moment of inertia, / , about the rotation axis in Equation 4.18 with the separate con

tributions to the total instantaneous inertia due to the torsion pendulum platform, 

Iozz and the measurement object, I0. Furthermore, note that the moment of inertia 

for the object consists of the linear sum of the moment of inertia about the objects 

mass center, 70, plus the parallel axis theorem components of the objects mass, ra0, 

times the square of the distance from the rotation center to the mass center, r2. In 
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(a) Side View (b) Top View 

Figure 4.2: Pendulum configuration for mass center measurement. 

addition, the total mass is replaced by the mass of the object, m0, plus the mass of 

the pendulum platform, mp to obtain: 

R, = Iozz + (I0 + m0r*) = k (4.20) 
y m0 + mp LO2 

Placing the object on the pendulum far from the rotation axis amplifies the contri

bution due to the mass center offset from the geometric center, due to the quadratic 

dependence on r. By changing the orientation of the object with a fixed geometric 

location relative to the pendulum rotation center, the mass center offset is determined 

by measuring the change in the natural frequency, u. 

Consider for example an object with a mass center offset from the geometric center 

pf magnitude 6. The object's geometric center is placed on the pendulum at a location 

of R from the pendulum rotation axis, k. Refer to Figure 4.2 for a graphical depiction. 

The mass center offset within a plane can be determined by rotating the object about 

an axis parallel to the pendulum rotation axis. The offset is determined by measuring 

the pendulum oscillation frequency for different rotation angles of <p. The angle 4> is 

the angular location of the mass center relative to the vector from the rotation axis to 

the object's geometric center. For each rotation angle 4>, a corresponding change in 

the pendulum oscillation frequency will be observed. For instance, if the mass center 

location is at an angle of (f> = 0 and then rotated to <j> = it, the maximum change 

in the radial distance to the mass center will occur. The maximum change in the 
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O l 

Figure 4.3: Vector addition for mass center location. 

measured pendulum frequency will also result. 

The required frequency resolution, or rather the ratio between the maximum and 

minimum pendulum oscillation frequency for the range of (j>, is a function of the radial 

offset location, R, and the magnitude of the mass center offset, S. Consider the simple 

vector addition scenario depicted in Figure 4.3, for the addition of the vectors from 

the rotation axis to the geometric center, f9c/,°, and the vector from the rotation axis 

to the mass center location, fmc^°. The vector from the rotation axis to the mass 

center location is given by the vector sum: 

ffxiajo _ ^gc/c!"_|_ ^mc/gc (4.21) 

and the magnitude of the distance to the mass center, r2 in Equation 4.20, is given 

by the scalar product: 

r 2 _ fmc/o m ^mc/o (4.22) 

For this example, assume the location of the geometric center is given by: 

r9c/o = Ri (4.23) 

The magnitude of the mass center offset from the geometric center, 5, as shown in 
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Figure 4.3 is defined by the scalar product: 

£ _ /yTic/Sc . fmc/gc\2 (4.24) 

such that the vector from the geometric center to the mass center is given by: 

fmc/9c = 5 cos (f)i +8 sin <p j (4.25) 

Using the vector addition as described in Equation 4.21, one obtains the vector to 

the mass center location from the rotation axis as a function of the rotation angle (j>: 

fm*/° = (R+5cos<p)i + 5sm<f>j (4.26) 

The magnitude of the distance to the mass center from the pendulum rotation center, 

r2, for Equation 4.20 is therefore: 

r2 = fmc/° . fm<7° 

= R2 + 2R8cos(t> + 82 (4.27) 

Substituting in the expression for r2 into Equation 4.20, one obtains an expression 

for the pendulum oscillation frequency as a function of the rotation angle <f>: 

hzz:• + I0 + m0(R
2 + 2R8 cos <f> + 82) k 
: : — —5 (4.^8J 

For the required range on the frequency resolution, consider the two extreme 

conditions, where the mass center is at either 4>i = 0 or fa = IT. Taking the ratio of 

Equation 4.20 for each case, one obtains: 

(U2 V = Iozz + IQ + m° ( f l2 + 2 ^ c o s 0i + <*2) ' / 4 2 9 N 
U J Iozz + Io + m0{R2 + 2R8 cos fa+ 82) 

Simple algebraic manipulation results in a relationship for the change in oscillation 
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frequency due to a mass center offset, 6: ' y ' • 

u2-uJi _ ALO _ flozz + l0 + m0(R
2 + 2RScos(^ + 82)\^ _ .' (43Q) 

UJi U) \Iozz + h'+ mo (-R2 + 2ift$ COS (f>2 + S2) 

Equation 4.30 is plotted in Figure 4.4. for a representative value of the pendulum 

platform inertia. The measurement object values utilized are for a 25 mm radius brass 

sphere. From Figure 4.4 it is seen that for our representative example, a frequency 

resolution of approximately 1 part in 104 is necessary to measure a mass center offset of 

8 /um. Thus, it is possible to measure the mass center offset to values comparable to the 

traditional pendulous technique with only a modest frequency resolution. Depending 

on the pendulum parameters and the measurement object, it is theoretically possible 

to surpass the 1 (j,m level for mass center determination using a torsion pendulum. 

4.4.3 Inertia Measurement Using a Torsion Pendulum 

In order to determine the moment of inertia tensor using a torsion pendulum, 

recall Equation 4.1 for the instantaneous moment of inertia about an axis of rotation 

a: 

1 = a-1• a 

Substituting in the relationship for the instantaneous moment of inertia as described 

by the torsion pendulum dynamics, Equation 4.18, one obtains the inertia tensor, 

characterized by the torsion pendulum properties: 

ink • ' ; = „ • ' ' ' / „ „ s ' 

— = a-T-a (4.31) 

Equation 4.31 however does not completely indicate how one obtains the inertia 

tensor of an unknown object using a torsion pendulum and the procedure outlined 

in Section 4.3.2. When an object is placed onto a torsion pendulum platform, the 

apparatuses only capable of determining the radius of gyration for the complete 

system, namely the pendulum plus the measurement object. Thus, the quantities 

file:///Iozz
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Parameter 

*ozz 

m0 

Io 
R 

Value 
400kg-mm2 

0.55 kg 
125kg-mm2 

75 mm 

x 10" 

1.0-

0.8 

0.2 

•0.2 0.4 0.6 0.8 
Mass Center Offset, 8, [m] x 10" 

Figure 4.4: Required frequency resolution for mass center measurement using 
pendulum. 
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in Equation 4.31 must be modified to include the total system mass, mx, and total 

moment of inertia. The total moment of inertia consists of the inertia tensor for 

the measurement object, Imi and the pendulum platform inertia, 70, or the initial 

offset inertia before the measurement object is added to the system. As described in 

Section 4.3.2, the inertia tensor determination requires measurements of the object 

with unknown inertia along n unique directions ^n'a. The axis of rotation for the 

pendulum platform is however constant for each measurement by nature of the torsion 

pendulum dynamics. Consistent with Figure 4.1(b), the fixed rotation axis of the 

torsion pendulum is k. Equation4.31 thus becomes: 

1 ^ r = a-Im-a + k-I0-k (4.32) 
u > • . • •• . . 

Furthermore, define the pendulum inertia about the fixed rotation axis by: 

Iozz = k-I0-k (4.33) 

Iozz is a constant for each measurement direction ^n'a and therefore represents a 

constant offset to the magnitude of the measured inertia tensor. Rearranging Equa

tion 4.32 and substituting in the representation for the initial inertia offset due to 

the pendulum platform, one obtains an equation for the inertia of the measurement 

object as a function of the torsion pendulum natural frequency: 

—1 Iozz = a-Im-a (4.34) 
ur 

Equation 4.34 is then used to formulate Equation 4.2 for the system of equations 

relating the inertia tensor to the instantaneous moment of inertia about a rotation 

axis. 
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Apparatus Design: 

Moment of Inertia Measurement 

When designing an apparatus to measure the moment of inertia to a high precision, 

care must be taken to minimize the extra degrees of freedom in the system. Introduced 

here is a new method for measuring the moment of inertia using a novel five-wire 

torsion pendulum design [18], which shows the prospect of exceeding current state 

of the art by almost an order of magnitude. Bifilar and trifilar pendulums do not 

constrain the swinging or lateral translation modes. To improve the accuracy of a 

standard trifilar pendulum, the lateral pendulum modes heed to be constrained. Five 

support wires are sufficient to constrain all but one degree of freedom. In a five-wire 

pendulum, two additional wires are arranged as shown in Figure 5.1 to minimize 

rotations about the other two rotational axes. The design reduces errors due to 

tilt and horizontal translational degrees of freedom. The three attach points on the 

platform supporting the inertia to be measured are positioned equidistant from the 

center of rotation. At one attach point, a single vertical wire is used and the other 

two attach points consist of two wires. The wire geometry is symmetrical about a 

plane formed with the vertical wire and a line emanating from the rotation center 

to the vertical wire attach point. The horizontal components of the wires which are 

splayed out from a single attach point provide horizontal stiffness to prevent pendulum 

platform swinging motion. The translational stiffness is provided in two ways. First, 

97 
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Figure 5.1: Five-wire torsion pendulum wire geometry. Initial platform design version. 
The wire geometry is identical for subsequent platform versions. 

the attachment locations for the two-wire attach point are separated by 90° within 

the plane of the pendulum platform. In addition, the two wires at the single attach 

point are splayed out at 90°. The wires are attached to the supporting frame along a 

line emanating from the rotation center at a point in the plane containing the mass 

center of the object to be measured. The choice of the attach point locations on the 

supporting frame ensures a constant curvature at the platform wire mount points 

from each wire, which coincides with the curvature of the pendulum rotation. The 

constant curvature constraint is necessary to ensure proper rotation about the vertical 

axis. 

It is important to note that friction is eliminated by the five-wire design. The 

pure rotation could be achieved by other means, such as the use of an air bearing 

or jewel bearing. Yet by adding a bearing into the system, frictional uncertainty 

must be considered. The wires are attached to ensure constant curvature at each 

platform wire attach point, which forces the pendulum platform to rotate about a 
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specific vertical line. Thus, the rotation center of the platform is dictated by the wire 

geometry and the uncertainty due to friction is eliminated. 

5.1 Pendulum Platform Design 

The pendulum platform is the key component to the five-wire torsion pendulum. 

The platform is responsible for connecting the wires in such a fashion to enable the 

proper rotational motion. In addition the platform provides a foundation on which 

to fixture measurement objects. To begin the design of the pendulum platform the 

following key design requirements exist: 

• Low inertia relative to the test article. 

• Low mass relative to the test article. 

• Easily machined. 

The inertia of the platform must be low compared to the object to be measured, 

such that the measurement object inertia is a relatively large contribution to the 

overall pendulum plus object combination. If the measurement object inertia were 

small compared to the pendulum platform for example, then say a 1 part in 104 

measurement precision of the combined platform plus object would not yield a 1 part 

in 104 precision for the object in question. Similarly, the mass of the pendulum 

platform needs to be low compared to the measurement object such that a shift 

in the mass center of the measurement object can be easily identified. In addition 

to the requirements set upon the mass properties of the pendulum platform, there 

exists the ease of manufacturability requirement. A part which is easily machined 

allows not only for reduced cost, but allows for a yield of a higher quality machined 

part/tolerances, as well as a faster turn around of future revisions. 

During the design process, two revisions were carried through the manufacture and 

testing phase. First, an initial proof of concept version was generated as a student 

project [18], which was further modified by the author to overcome design limitations. 

The initial student project platform design geometry is shown in Figure 5.1. The final 
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Figure 5.2: Five-wire torsion pendulum solid model. 
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Figure 5.3: Five-wire torsion pendulum. (Actual Hardware, Final Design) 
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version which is discussed in this work was then designed and constructed by the 

author based on information gained during testing the initial design. The pendulum 

design history is summarized as follows: 

Design 1: Original student course project design with shadow sensing. 

Design 2: Student project design modified for optical sensing (Sec

tion 5.5.2). Only the mechanical hardware was reused. New 

software, instrumentation and optical sensing. 

Design 3: Symmetrical five-wire design. All wires were of same length, 

symmetrically distributed about the rotation center. The 

design did not properly constrain the translational modes 

and was not carried beyond initial CAD modeling. 

Design 4: The final design described m this work. The design utilized 

the same wire geometry as produced in Design 1. The me

chanical hardware was redesigned to overcome limitations 

• . observed during testing of Design 2. 

Through testing of Design 2, a number of secondary requirements were discovered, 

including: 

• Platform Symmetry 

• Non-Contact Sensor and Actuator 

• Repeatable Wire Attachment and Assembly 

• Symmetric Kinematic Fixturing System 

• Mass Center Near Rotation Center 

• Repeatable Calibration Method 

• Automated Measurement Instrumentation 

• Thermal Insensitivity 
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Requirement Section 
Non-Contact Sensor 5.6, 5.5.2 
Non-Contact Actuator 5.6 
Wire Attachment 5.2 
Kinematic Fixtures 5.4 
Calibration 6.1 
Thermal 7.1 
Vacuum 8.1.1 

Table 5.1: Design requirement implementation sections. 

• Vacuum Compatible, (desired but not required) 

The corresponding design which addresses each of these requirements are further 

discussed in the following sections, yet the impact on the actual pendulum platform 

design is discussed here. Table 5.1 summarizes the sections for further information 

on each of the secondary design requirements which are not fully discussed here. 

For the pendulum platform, a great deal of care was taken to ensure a symmetrical 

geometry. Due to the required five-wire geometry and requirement for a low moment 

of inertia, the platform was designed to be symmetrical about a vertical plane passing 

through the vertical wire and the rotation center. Figure 5.4 depicts the SolidWorks 

model and the final machined platform hardware. Simplified mechanical drawings for 

the final pendulum platform are also found in Appendix B.l. 

In standard dynamics theory, an object with no constraints will rotate about the 

mass center. For the five-wire design, the platform is constrained by the wires to rotate 

about a fixed axis, which may not necessarily pass through the mass center. Thus, 

in order to help the platform generate a pure rotation without fighting nature, the 

mass center of the complete pendulum platform is carefully designed to coincide with 

the desired rotation center. From the model designed in SolidWorks, the designed 

mass center of the complete system, assuming a homogeneous density, was within 

0.02 mm of the expected rotation center. The triangular platform geometry leading 

to the vertical wire at the right in Figure 5.4 is chosen such that the mass required 

to offset the opposite end of the platform is close to the rotation center, reducing 
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iteo! 

(a) Solid model 

(b) Actual hardware 

Figure 5.4: Five-wire pendulum platform. 
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the total moment of inertia for the system. During the solid model design, a trade 

was constantly made between the platform thickness and the size of the triangular 

geometry leading to the vertical wire mount (right side of Figure 5.4). At the opposite 

end of the platform (left side of Figure 5.4), slots are machined to remove extra mass 

far from the rotation center to reduce the platform moment of inertia. The large center 

hole allows the measurement object to fit with limited clearance above the platform 

resulting from the five-wire design geometry and the required wire attach points. 

In addition, the large center hole ensures that the mass center of the measurement 

object can be shifted close to the vertical location of the wire attach points above the 

platform. This ensures any inverted pendulum-like tilting frequencies of the combined 

object/platform system are above the measurement frequency band. Geometry details 

for the large center hole are found in Mechanical Drawing B.2. 

. ,. •- The pendulum calibration process, which is further discussed in Section 6.1, re

quires the addition of spheres to the pendulum platform. The spheres are repeatably 

located on the platform through a number of calibration holes, as shown in Figure 5.5. 

Each set of three calibration holes are located equidistant from the pendulum rota

tion center, as listed in Table 5.2. The calibration hole locations are positioned in a 

symmetric fashion along 120 ° radial lines emanating from the platform mass center to 

ensure the mass center is not shifted by a change in calibration sphere location. Each 

calibration hole has three equally distributed small stress relief holes drilled around 

the calibration hole circumference. The relief holes ensure a three contact point in

terface between the hole and the calibration sphere for a repeatable placement. Refer 

to Mechanical Drawing B.l and Mechanical Drawing B.3 for further details on the 

calibration hole location and design. 

The pendulum platform needs the ability to hold a variety of measurement object 

geometries. The fixturing philosophy is to utilize a common interface for a number of 

different measurement object fixtures. The measurement object fixtures are further 

discussed in Section 5.4. On the pendulum platform, the interface to the fixtures is 

provided via holes drilled again along 120° radial lines from the mass center. The 

120° geometry is chosen for the same reasons as discussed for the calibration holes. 

Each hole will accept a small sphere for a kinematic interface to the object fixtures. 
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Figure 5.5: Five-wire platform top view. The holes for calibration sphere placement 
are depicted along the 120° lines. Note also that the wire attach points are separated 
by 90 ° for translational stiffness. 

Identifier 

Hole Set. 1 
Hole Set 2 
Hole Set 3 
Hole Set 4 
Hole Set 5 
Hole Set 6 

Numbers 

1,2,3 
4,5,6 
7,8,9 

10,11,12 
13,14,15 
16,17,18 

Radial Distance 
inches 

1.450 
1.750 
2.150 
2.550 
2.950 
3.350 

(mm) 

36.8 
44.5 
54.6 
64.8 
74.9 
85.1 

Table 5.2: Calibration hole distance from rotation center. 
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As such, each hole is again drilled with three equally spaced relief holes for a three 

contact point interface between the sphere and the platform. Refer to Mechanical 

Drawing B.2 for details on the interface fixture mounting holes. 

As shown in Section 4.4.2, a torsion pendulum may also be used to measure 

the mass center offset for an object. Mass center measurements require that the 

measurement object be placed far from the rotation center, contrary to moment of 

inertia measurements. Although the pendulum platform is designed primarily as a 

moment of inertia measurement apparatus, mounting holes are also placed onto the 

pendulum for use in mass center measurements. For mounting an object, three holes 

separated by 120 ° angles are drilled with identical design as the calibration holes. 

The three mounting holes are centered around the calibration hole set number five, 

located along the direction of the vertical wire attach point. For a spherical shaped 

object, three small spheres are placed into each mounting hole, creating a symmetrical 

three-point mount. The geometric center of the sphere is then positioned at a radial 

distance from the rotation center equal to that of calibration hole set number five. 

The location of the mounting holes will allow a 2 inch sphere to fit onto the platform 

without interfering with the vertical pendulum support wire. Refer to Figure 5.6 for 

the geometry of the mounting holes for mass center measurements using the torsion 

pendulum and a depiction of the configuration for the mass center measurement of a 

spherical shaped object. 

The pendulum platform is designed with a simple flat surface for the top and 

bottom of the platform. Although it is desired to reduce the total pendulum platform 

mass and moment of inertia, the thin, lightweight web and stiffener design utilized in 

the first pendulum platform version shown in Figure 5.1, proved to be problematic. 

The web and truss structure limited the size and number of calibration spheres due 

to interference with the web stiffeners, as well as limited the position of measurement 

objects due to interference with fixtures. In addition the platform top surface on the 

first version exhibited a slight upward slope to reduce the platform total mass. This 

upward slope made it difficult to assemble the platform to the attach wires at the 

desired wire length, as it was difficult to make sure the platform was level and in a 

repeatable position relative to the supporting foundation. The flat top and bottom 
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All dimensions in inches 
(a) Mounting Holes for Mass Center Measurement 

(b) With Measurement Sphere 

Figure 5.6: Pendulum configuration for object mass center measurement. 



www.manaraa.com

5.2. SUPPORT WIRE AND WIRE ATTACHMENT 109 

surface not only avoids interference issues, but also allows for a more repeatable 

assembly to the attach wires. The flat bottom surface provides a clean, level surface 

for assembly fixtures, which are further discussed in Section 5.3. 

5.2 Support Wire and Wire Attachment 

The natural frequency of rotation for a torsion pendulum, Equation 4.16, is a 

function of the wire length and the distance from the rotation center to the wire 

attach point. A change in the wire length or the configuration of the wire attach 

point will therefore change the pendulum natural frequency.1 Thus, in designing the 

torsion pendulum, a great deal of consideration must be devoted to the pendulum 

wires and wire attach method. 

5.2.1 Wire Attachment 

For attaching the wires to the pendulum, a low mass, strong, reliable, repeat-

able placement is required. In the first wire mount design iteration, Figure 5.7, a 

three-jaw pin vise was used for attaching the wires to the pendulum platform and 

supporting structure. Although the pin vise attach method is easily implemented and 

provides ample clamping force for a variety of wire diameters, the design proved to 

be problematic. The issues with the pin vise setup were: 

• Non-repeatable wire positioning 

• Total mass 

The three-jaw pin vise does not reliably position or center the wires within the three-

jaw pin vise teeth, which is further complicated as the wire diameter is reduced. The 

total mass of the three-jaw pin vise is also a concern. The pin vises are made of steel 

and hence are of relatively large mass compared to the pendulum platform. Thus, use 

of the pin vises results in a relatively large amount of mass placed at the pendulum 

1 Section 7.1 in the measurement error chapter further addresses the error associated with a change 
in wire length. 
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Figure 5.7: Five-wire pin vise wire mount. 

platform extremities. The mass at a large distance from the rotation center results 

in an increase in the total inertia of the platform. 

The solution to the issues encountered with the pin vise attachment method are 

solved via an alternate flexure mount design shown in Figures 5.8 and 5.9. The 

designed aluminum mount consists of a .0.014 inch (0.356 mm) radius hole and an 

electrical discharge machined 0.015 inch (0.381mm) slot through the hole to create 

a flexure clamp as shown in Figure 5.10. The wire.is inserted into the hole and 

clamping force on the wire is provided to the flexure via a #0-80 hex screw. The 

flexure mount ensures a repeatable placement of wire within the mount. A ledge 

is machined at the end of the wire attach hole to allow insertion of the wire up to 

a specified depth. Combined with an additional groove for visual inspection, the 

ledge ensures a consistent insertion depth of the wire into the flexure clamp. Refer 

to Mechanical Drawings B.4 and B.5 for further information regarding the pendulum 

wire mount geometry. 

The mount is attached to the pendulum platform using 1/32 inch stainless steel 

dowel pins and a corresponding hole/slot mate for repeatable alignment. A single 

#4-40 cap screw is used to provide the mating force between the wire attach mount 

and the pendulum platform. The height of the wire mount is chosen such that the 
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Figure 5.8: Five-wire pendulum platform wire mounts. 

Figure 5.9: Hardware: five-wire pendulum platform wire mounts. 
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Figure 5.10: Wire mount hole and slot. Dimensions in inches. 

intersection point of the two wires matches the height of the measurement object 

mass center above the pendulum platform. In so doing, any swinging modes of the 

wire supported structure are spectrally shifted to frequencies above the measurement 

oscillation frequency. To meet the design requirements of a light-weight design and 

the required height to match the object mass center, the structure is light-weighted 

by material removal in the center of the mount as depicted in Figure 5.8(a). The 

light-weighted aluminum structure wire mount design produces a mount that is less 

mass than the steel pin vise mount method. 

5.2.2 Wire 

The desired mechanical performance of the wire is established by first selecting the 

material properties for the wire. For the torsion pendulum attach wires the following 

properties are desired: 

• High modulus of elasticity 
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Material E a a t 2 9 8 K 
GPa xlQ-^K-1 

Tungsten, Pure 345 4.5 
Spring Steel, 1085 200 14.7 
Brass, C260 117 19 

Table 5.3: Material properties. 

• Low coefficient of thermal expansion 

• Ductile, non-brittle 

• Flexible, such that a slight bend will not retain shape 

• Non-corrosive properties 

• Low magnetic susceptibility 

• Material is readily available 

• Vacuum compatible, desired but not required 

The modulus of elasticity and the thermal expansion coefficients are of primary in

terest, as these parameters dictate the static length of the supporting wires. Again, 

since the natural frequency of rotation for a torsion pendulum is a function of the 

wire length, it is crucial that the length of the wire remain constant under various 

loads and environmental conditions. 

Before selecting the material for the wire, the available form factors must first 

be considered. The attach wires must be readily available in various diameters and 

lengths. In addition, there exists the requirement that the wire be available in a 

straightened form to avoid any natural spring force associated with typical coiled 

wire. Straightened wire is readily available in various metals such as aluminum, 

brass, titanium, steel, and tungsten. Tungsten, stainless steel and spring steel offer 

a high modulus of elasticity. Compared to steel, tungsten has a higher modulus 

of elasticity, and a lower coefficient of thermal expansion. Refer to Table 5.3 for a 
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Wire Length 
inches (mm) 

short wire 3.0 (76.2) 
vertical wire 4.5 (114.3) 

long wire 12.0 (304.8) 

Table 5.4: Wire lengths for five-wire pendulum. 

comparison of the modulus of elasticity, E, and thermal expansion coefficient, a, for 

different materials. The higher modulus of elasticity is desired to reduce the stretch 

of the wire under a load. The lower thermal expansion coefficient equates to a lower 

change in wire length from temperature fluctuations and hence a reduced dependency 

of the pendulum natural frequency due to temperature. For primarily the modulus of 

elasticity and thermal expansion coefficient values for tungsten, straightened tungsten 

wire was selected for the torsion pendulum. It should be noted that carbon fiber 

yarn is an excellent choice for high modulus of elasticity, low coefficient of thermal 

expansion and is flexible at small diameters. Although carbon fiber is widely available 

in fabric form, carbon fiber yarn is not readily available in small quantities and can 

be difficult to handle. Future research may justify using carbon fiber yarn, but the 

expense could not be justified during the initial design stages. 

Having selected the material for the wire, the wire stiffness, or rather the appro

priate wire diameter is the next design decision. Wire diameter selection is further 

complicated by the fact that the wires on the five-wire are of different lengths and 

support different tension loads to meet the proper dynamic constraints. Refer to Ta

ble 5.4 for a listing of the pendulum wire lengths. If the wires were all of the same 

length and supported the same load, then an applied load to the pendulum would 

result in an equal change in length of the wires. Consider for example the case of 

a simple three-wire pendulum, consisting of three identical vertical wires attached 

equidistant from the rotation center. As a load is applied to the pendulum platform, 

each wire will support the same load and hence exhibit the same change in length. 

For the five-wire pendulum, It is desired to match the stretch in each of the wires, 

such that a change in load of the platform results in a vertical only change in position 
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with no tilt/translation. This further ensures a constant direction for the axis of 

rotation between a loaded and unloaded platform. In order to match the stretch in 

each of the wires, we begin by modeling the wires as simple springs for the relationship 

between the applied load, F , and change in wire length AL: 

F = kAL (5.1) 

where A; is the stiffness associated with the wire, For each of the three wire lengths, 

we require the stretch of the wires due to an applied load to be consistent. 

AL * £ = • £ . ' (5.2) 
h k2 k3 

where the stiffness, k, of the wires is given by 

h = —j— (5.3) 

By choosing the cross sectional-area, A, and modulus of elasticity, E, of one wire, the 

properties required of the other length wires are established: 

A& ' = A2E2^ (5.4) 
r2 Li2 

A3E3 = A2E2^ (5.5) 
r2 L2 

In order to match the same change in length of the different length wires, we therefore 

have the option of either maintaining a constant wire modulus of elasticity among 

the wires and varying the cross-sectional area, or retaining the same cross-sectional 

area for the wires and changing the material. It was chosen to use various wire cross-

sectional areas (via wire diameter) to match the change in length of each wire. By 

selecting the same material the wires will exhibit similar responses to environmental 

disturbances such as for example thermal (coefficient of thermal expansion a). 

From the standpoint of varying the wire cross-sectional circs, £i thick wire will 

bend and tend to retain shape. The pendulum stiffness increases with wire thickness 

and the natural frequency raises due to a shorter equivalent wire length. As such, 
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Wire No. 

Tungsten: 
1 
2 
3 

Steel: 
1 
2 
3 

Wire Diameter 
inches 

0.010 
0.005, 
0.013 

0.008 
0.004 
0.010 

(mm) 

(0.254) 
(0.127) 
(0.330) 

(0.203) 
(0.102) 
(0.254) 

Required AE 
xl0 4 N 

1.75 
0.452 
2.92 

0.649 
0.168 
1.09 

Actual AE 
xl0 4 N 

1.75 
0.437 
2.95 

0.649 
0.162 
1.01 

% Diff. 

0% 
-3.3% 
1.0% 

0% 
-3.6% 
-7.3% 

Table 5.5: Wire stiffness configuration. 

it is desired to use as small of a cross-sectional area for the wires as feasible. Yet, 

extremely thin wire is difficult to attach, fragile to work with and needs to exhibit 

enough strength to support the load. In addition, wire diameters less than 0.004 inches 

(0.102 mm) are not readily available. In order to determine the appropriate cross-

sectional area for the wires, the required supporting load in each wire is determined. 

Prom statics, the tension in each wire due to a 1kg load is found to be: 

Ti = 4.5N (vertical wire) 

T2 = 1.6N (short wire) 

T3 = 2.7N (long wire) 

The lowest stiffness required is therefore in the shortest wire. As such the stiffness 

of the shortest wire (wire 2) is defined based on the smallest available wire diameter. 

From Equation 5.4 and the various wire material and geometry pairs which are readily 

available, a set of suitable wire combinations for the five-wire apparatus is determined. 

Table 5.5 lists the desired wire combinations to match the change in wire length due 

to an applied 1 kg load of the platform and Table B.4 in the Appendix lists the part 

numbers for the supporting wires utilized in the apparatus. 
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Wire Diameter Tube ID Tube OD Notes 
inches (mm) inches (mm) inches (mm) 

0.005 (0.127) 

0.010 (0.254) 

0.013 (0.330) 

Table 5.6: Wire and hypodermic tube configuration. 

Since the supporting wires are of a different cross-sectional area in order to match 

the same wire stretch of the loaded platform, the wire attach method is slightly com

plicated. In addition, it is desired to use wires on the order of 0.004 inches (0.102 mm) 

in order to reduce the total stiffness of the system. In order to simplify the design and 

to reduce manufacturing complexity of the flexure wire mount hardware design, (Fig

ure 5.9), the flexure mounts are designed for a common size wire. Since it is difficult to 

drill a long hole at 0.004 inches (0.102 mm) in diameter, a larger hole size of 0.028 inch 

(0.711mm) diameter is designed into the flexure wire mounts to accommodate the 

largest expected wire diameter. By designing the flexure wire mounts to handle the 

largest expected wire diameter, not only is the manufacturability of the wire mounts 

increased, but there also exists the flexibility in interchanging the wire diameters to 

achieve the desired stiffness and performance. The resulting issue is how to attach 

a wire of diameter 0.005 inches (0.127 mm) into the flexure clamp hole diameter of 

0.028inches (0.711mm) designed for a wire of 0.013inches (0.330mm) in diameter. 

It is not possible to provide adequate clamping force to a small wire with such a 

mis-match in the wire diameter to the hole size. The solution is to place the attach 

wire into a set of concentric tubing, which increases the equivalent wire diameter at 

the attach point. Stainless steel hypodermic tubing is readily available in a number 

of diameters with tight tolerances on the internal and external diameters to allow a 

tight concentric fit. Table B.4 lists the part numbers and mechanical specifications 

for the hypodermic tubing tested for the wire attachment fittings. Table 5.6 lists the 

final combination of hypodermic tubing used for each wire diameter. 

0.006 (0.152) 0.012 

0.013 (0.330) 0.025 

0.013 (0.330) 0.025 

0.013 (0.330) 0.025 

(0.305) short wire 
(0.635); 

(0.635) vertical wire 

(0.635) long wire 
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(a) Crimp Attachment 

(b) Solder Attachment 

Figure 5.11: Crimped and soldered wire attachment examples. 



www.manaraa.com

5.2. SUPPORT WIRE AND WIRE ATTACHMENT 119 

Figure 5.12: DMC AFM8 wire crimper. 

In order to attach the wires to the hypodermic tubes, the two methods of soldering 

and crimping was attempted. Figure 5.11 shows two representative examples of the 

crimping and soldering wire attach methods. Figure 5.11(a) shows a radially crimped 

set of two concentric stainless steel hypodermic tubes with a tungsten wire in the 

center. The solder method, Figure 5.11(b), is a set of two concentric brass telescoping 

tubing, which are soldered together with a tungsten wire in the center. Through 

experimentation, the crimp method was preferred for a number of reasons related 

to a clean, reliable and repeatable attach method. For example, the solder method 

requires the addition of solder to the assembly through the addition of heat. It is 

difficult to obtain the right amount of solder and flux to obtain a clean connection. 

Extra solder protruding from the end of the hypodermic tubes tends to create an 

equivalently stiffer wire beyond the section with the concentric tubes. In addition, 

it is difficult to provide the proper amount of heat for a good consistent bond to 

the tungsten or stainless steel wire. In comparison, crimping is a clean connection 

and the crimp doesn't harden the wire beyond the concentric tube section like the 

soldering method. All of the test cases for the crimp method survived a successful 

pull test, yet several of the solder method tests did not due to inconsistent bonding 

between the solder and the wire. For crimping the wires to the set of concentric 

hypodermic tubes, a DMC AFM8 wire crimper, (shown in Figure 5.12), designed 
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for miniature and sub-miniature electrical connections of 20 AWG through 32 AWG 

(0.008 inch diameter) wire was utilized. The crimper is a mil-standard 8 impressing 

crimp for maximum tensile strength, and the radial crimp centers the wire well inside 

the hypodermic tubes. The maximum crimp depth is dialed in on the AFM8 crimper 

selector knob to ensure consistent crimps between the wires. 

5.3 Pendulum Platform Assembly Mounts 

Since the platform rotation center is fixed by the geometry of the wires, there is 

no single mechanical constraint device to properly locate the pendulum platform with 

respect to the foundation. During assembly, it is important to properly locate the 

pendulum platform before attaching the wires. If for example, the platform is located 

offset from the rotation center imposed by the wire constraints when the wires are 

attached, then the pendulum platform will shift after the wires are attached. The 

resulting configuration of the pendulum will not be level and the wires will have in

consistent tension. In fact, it is possible that one or more of the wires may not be 

loaded at all, and the proper constraints to force the desired rotation center will not 

be imposed. Thus, in order to attach the wires between the pendulum platform and 

the supporting foundation in a consistent manner, an assembly mount is required. 

Prior to wire attachment, the designed assembly mount locates the pendulum plat

form to a position consistent with the desired rotation center relative to the pendulum 

foundation. This is achieved by making use of the optics plate and the standard 1 inch 

hole pattern on which the entire pendulum structure is constructed. The pendulum 

foundation is constructed such that the desired rotation center is coincident with one 

of the threaded holes on the optics plate. The pendulum platform is then designed 

with three corresponding mounting interface holes on a 1 inch hole pattern relative 

to the rotation center. These mounting holes are labeled with a "M" in Figure 5.5. 

Each mount hole has three equally distributed small stress relief holes drilled around 

the mount hole circumference. The relief holes ensure a three contact point interface 

between the hole and a mounting sphere, which is used as the interface to the as

sembly mount structure. The kinematic design ensures a repeatable placement of the 
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Figure 5.13: Five-wire platform assembly mount. 

pendulum platform onto the assembly mounts. 

The assembly mounts, Figure 5.13 and Mechanical Drawing B.9, consist of an 

aluminum machined block with a pair of stainless steel dowel pins to form a set 

of parallel rails. The assembly mount contains a counter sunk 1/4-20 screw below 

the parallel rails for attaching the mount onto the optics plate. A stainless steel 

sphere is then placed onto the parallel rails for a single degree of freedom interface 

to the pendulum platform. The pendulum platform is then placed onto the spheres 

at the linch hole pattern mounting holes. A solid model depiction of the pendulum 

platform on the assembly mounts is depicted in Figure 5.14. The location of the 

pendulum platform can be adjusted slightly by rotating each of the assembly mounts 

and hence changing the direction of the degree of freedom provided by the parallel 

rails. During the assembly of the five-wire pendulum, the assembly mount rails were 

oriented parallel to the side of the pendulum platform. A heavy weight was placed 

on top of the pendulum platform to aid in stretching the wires to the desired tension. 

5.4 Measurement Object Fixtures 

In order to measure the moment of inertia for an object in question, the object 

must be attached or fixtured to the pendulum platform. The fixtures provide two 

important functions: 

• Repeatable object location. 
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Figure 5.14: Five-wire platform on assembly mounts. 
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• Repeatable object orientation. 

As the object is positioned onto the platform, the location of the mass center relative 

to the rotation center is of concern. Any offset from the rotation center must be 

accounted for when determining the inertia for the object by applying the parallel 

axis theorem. Thus, by having a repeatable placement of the measurement object 

onto the pendulum platform, a consistent contribution to the radius of gyration due 

to the offset from the rotation center will occur. 

Similar, to the requirement for a repeatable placement of the object with respect 

to the pendulum rotation center, the orientation of the object must also be consistent. 

In addition, as explained in Section 4.3.2, a moment of inertia measurement device 

must be capable of determining the instantaneous moment of inertia about at least 

six different axes of rotation, which span the complete moment of inertia ellipsoid, in 

order to determine the full moment of inertia tensor. A torsion pendulum design is 

capable of measuring the radius of gyration about one axis. As such, the apparatus 

requires the capability of positioning the measurement object in at least six different 

orientations. The object fixturing method must therefore incorporate the capability 

for both a repeatable object placement and orientation. 

In order to accommodate a wide variety of geometries, the object fixturing philos

ophy for the five-wire pendulum is to create a standard interface on which specialized 

fixturing devices can be attached. As discussed in Section 5.1 during the pendulum 

platform design description, a set of holes are drilled along 120° radial lines to inter

face with the orientation fixtures. In Figure 5.5, the interface holes are the smaller 

holes drilled near the center of the platform. The holes accept a small 3/16 inch, 

(4.8 mm), diameter sphere, which are then designed to interface with a set of v-

grooves on the mounting fixture. The sphere and v-groove interface provides a simple 

kinematic two-point contact for repeatable positioning. A set of three spheres in the 

holes drilled along the 120° lines completes a three-point mount to the mounting 

fixture. 

For each mounting fixture design, a set of parallel v-grooves are machined to allow 

shifting the object location in steps of known, repeatable amounts. In addition, the 

pendulum platform contains an identical set of three mounting holes offset by a fixed 
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(a) 5° (b) 45° 

(c) 84° (d) V-Grooves on bottom. 

Figure 5.15: Object orientation fixtures for cylindrical object. 

amount to provide an additional number of object location configurations. The ability 

to shift the location of the measurement object relative to the pendulum platform, 

and hence the rotation center provides the ability to determine the approximate 

location of the measurement object's mass center relative to the rotation center. For 

example, by measuring the pendulum frequency of oscillation and then repeating the 

measurement after shifting the object by a known amount, a change in the oscillation 

frequency will be observed due to the parallel axis theorem. 

For the five-wire pendulum, orientation fixtures for two different geometries were 

created: spherical and cylindrical. These fixtures are kinematic in design to ensure 

a repeatable fixturing method for the object position. Where possible, a kinematic 

design is also utilized for establishing a repeatable object orientation. 

5.4.1 Cylindrical Object 

For the cylindrical-shaped object, a set of sleds to generate both a repeatable 

object placement and different orientations were constructed as part of a student 
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(a) Top (b) Bottom 

Figure 5.16: Mount for spherical object. 

project in the Precision Engineering course taught at Stanford University by Pro

fessors Dan DeBra and Dave Beach [18]. For repeatable placement, the fixtures are 

mounted to the pendulum platform using a set of v-grooves and ball bearings. For 

orientation, a set of kinematic fixtures, one for each orientation, were constructed. 

Refer to Figure 5.15. Each fixture permits changing the orientation of the cylindrical 

object with high repeatability and are measured to be repeatable in orientation to 

within 0.02°. Note that there are only three different orientations required for the 

cylindrical-shaped object. By utilizing the symmetry of the object, different orienta

tions can be achieved with the same fixture by simply rotating the object about the 

axis of symmetry. 

5.4.2 Spherical Object 

A single fixture mount was constructed for an object with a spherical geometry. 

Refer to Figure 5.16 and Mechanical Drawing B.8. Since a sphere is of a simple 

geometry with no features for orientation positioning, the mount can only position a 

spherical object with respect to translation. Clearly a kinematic mount design as used 
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Figure 5.17: Polhode paths for different energy levels and a given angular momentum. 

for the cylindrical shaped object is preferred for both translational and orientation 

positioning; but the lack of geometrical features on the sphere prevent such a design. 

For a repeatable placement in the plane of the pendulum platform, the same kinematic 

interface consisting of v-grooves and ball bearings is used. The mount is further 

designed with a three-point contact interface to the sphere at the proper radius to 

position the mass center of a 50 mm diameter sphere in the plane of the wire attach 

points. For establishing the actual orientation of the sphere in a repeatable fashion, 

an alternate method must be used. The philosophy for the spherical object is to place 

a set of markings on the object to use for establishing the orientation. 

First, in order to place a coordinate system on the sphere in a logical position and 

orientation, it is desired to determine the approximate directions for the principal 

moments of inertia. From rigid body dynamics, a rotating object free of external 

torques will have constant energy and constant angular momentum. The angular 

momentum is fixed in inertial space and the spin axis will move within the coordinate 

frame of the rotating body. The path traced by the spin axis within the body frame 
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(a) Hemispherical graphite annulus. (b) With sphere. 

Figure 5.18: New Way air bearing used for marking polhode path. 

is known as the polhode path and is described by the locus of all points of constant 

rotational kinetic energy and constant angular momentum [19]. Thus, the intersection 

of the angular momentum ellipsoid and the rotational kinetic energy ellipsoid is the 

polhode path. This elliptical intersection, and hence the polhode path, is centered 

around the minimum or maximum principal moment of inertia. Figure 5.17 shows 

for example a set of polhode paths for different energy levels. The figure shows 

the elliptical polhode paths are centered around the direction for the maximum and 

minimum moment of inertia. Therefore, in order to determine the direction of the 

principal axes, one needs only to trace a set of polhode paths onto the surface of the 

sphere. 

In order to achieve torque free motion, the sphere is placed into a specially designed 

air bearing, which was graciously donated by New Way Air Bearings. The air bearing 

consists of a sintered graphite hemispherical annulus with a diameter slightly larger 

than that of the sphere. Refer to Figure 5.18. The sphere is then placed inside of 

the hemispherical shell to create the air bearing. As pressurized air passes through 

the porous graphite in the hemispherical shell, an equally distributed cushion of air is 
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Figure 5.19: Apparatus for marking sphere with perpendicular great circles. 

generated at the surface of the sphere. This uniform, continuous flow of air creates a 

low friction interface between the surface of the sphere and the air bearing, allowing 

the sphere to rotate freely with negligible external torques. Once the sphere is placed 

into torque free rotational motion using the air bearing housing, the polhode path 

is traced by periodically placing a mark at the rotation center with a permanent 

marker. If kinetic energy is dissipated, the spin axis migrates toward the direction 

of the principal axis of maximum inertia. Thus, by changing the color of the marks 

over time, the direction of the polhode motion is additionally identified, allowing for 

distinction between the directions for the axes of maximum and minimum moment 

of inertia. 

Next, a set of perpendicular great circles are drawn on the surface of the sphere. 

A specially designed apparatus [24], as shown in Figure 5.19, is used to mark the 
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Figure 5.20: Sphere with polhode paths and great circles. 

spheres.2 The crossing point of the two great circles is then positioned to be lo

cated near the center of the polhode paths previously drawn on the sphere surface. 

Figure 5.20 shows a sphere with polhode paths marked around the maximum and 

minimum principal directions. Two perpendicular great circles are drawn with the 

intersection at the center of the elliptical polhode path. These great circles are then 

used as a reference when the sphere is placed onto the fixture and the pendulum 

platform. One great circle is oriented in a vertical fashion and oriented with a set of 

vertical references: the pendulum vertical wire and the sharp edge of the wire attach 

fixture of the pendulum foundation. A simple laser pointer, which was modified to 

produce an elongated elliptical spot, was then aligned with the horizontal great circle, 

and positioned at the intersection of the two great circles. The laser spot allows for 

the sphere to be removed and to reposition the great circle intersection at the same 

location. Figure 5.21 shows the pendulum platform with a sphere on the mounting 

fixture. The polhode paths are clearly marked on the sphere and the positioning laser 

spot is visible at the center of the elliptical polhode path. 

2The apparatus was built as a student project in the Precision Engineering course taught at 
Stanford by professors Dave Beach and Dan DeBra with John Conklin as the customer. 
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Figure 5.21: Sphere on platform with orientation markings. 
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5.5 Measurement /Sensing 

The five-wire pendulum requires a non-contact angular position sensor and actu

ator. Recall from Equation 4.18, that the oscillatory motion of a torsion pendulum is 

described by the relationship between the radius of gyration Rg, or the instantaneous 

moment of inertia about the axis of rotation Ip, and the angular frequency u: 

Uq — — ~ 9 . 
y mp UJZ 

where k is the torsion coefficient or stiffness constant of the pendulum and mp is 

the total mass of the pendulum. The moment of inertia for the system is therefore 

determined by measuring the angular frequency u and the pendulum mass. The 

angular displacement of the five-wire pendulum can be measured by a number of 

different methods. The angular frequency is then extracted from the time history of 

the angular displacement. 

5.5.1 Shadow Sensing 

Shadow sensing is a straight-forward method for measuring the angular displace

ment of the pendulum platform. A split photo-diode coupled with a wiper and thin 

slit, Figure 5.22, will record a translational change in position. The wiper blocks 

the illumination of the photo-diode from a diode emitter. As the wiper moves across 

the sensor, the area of illumination is changed. The wiper is attached to the pendu

lum through the rotation center. Using a small angle assumption, a rotation of the 

platform is converted to'a translation, which is measured by the split photo-diode. 

Increased sensitivity is achieved by increasing the length of the wiper to locate the slit 

far from the rotation center. Using a small angle assumption, a larger displacement 

is produced for the same amount of angular rotation. Yet, by increasing the length of 

the wiper, the total moment of inertia for the platform plus the sensor is increased. 

It is desired to reduce the total moment of inertia for the platform to allow precision 

radius of gyration measurements. 
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Figure 5.22: Five-wire pendulum platform with shadow sensing. 

A shadow sensing method of determining the pendulum platform angular dis

placement was determined not to be suitable for the five-wire pendulum. Horizontal 

as well as vertical translations of the platform are also recorded as an observed rota

tion. Using the metal wiper depicted in Figure 5.22, it was observed that a vertical 

displacement of the wiper and slit would generate an artificial observed rotation at 

the sensor. As the slit moves farther away from the split photo-diode sensor, the size 

of the illuminated area generated by the slit increases. Translational contributions to 

the angular measurement are further complicated by vibrations which create a verti

cal displacement of the slit and the wiper. Since the shadow sensing method with a 

split photo-diode for angular measurement is coupled to translational motion of the 

pendulum platform, the method was abandoned in favor of grating angular sensing 

using optics. 
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Figure 5.23: Grating angular sensor. 

5.5.2 Grating Angular Sensing 

The angular displacement of the five-wire pendulum is measured by application 

of optical angular sensing. A grating angular sensor [62] and diffraction grating 

angular magnification is used to provide a sensor with both a large dynamic range 

and high resolution. Optical sensing decouples any vertical motion from the detection 

sensor signal and the associated angular magnification allows for a high sensitivity 

measurement. A diffraction grating is attached to the pendulum platform at the 

center of rotation. Using a laser as a light source, the grating diffraction orders are 

used for angular sensing as depicted in Figure 5.23. As the pendulum platform rotates, 

the diffracted beams rotate similar to a plane mirror reflection but are additionally 

magnified by the diffraction order angle. Any minor translational motion of the 

pendulum will not be magnified and vertical motion of the pendulum will not affect 

the diffracted beam. If the pendulum rotates (and hence the attached grating) by an 

angle of 5a, the resulting incremental rotation angle 8(5n of the diffracted beam for 

diffraction order n is given by [62]: 

cos(a) 
cos(/3„) 

(5.6) 
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Figure 5.24: Position Sensitive Diode (PSD). 

where a and (3n are the angles from the grating norm for the incident beam and the 

diffraction angle respectively. This grating angle magnification enhances the mea

surement sensitivity. The grating angular sensor magnifies the angular displacement 

of the pendulum but does not magnify any translation. 

The diffracted beams are captured by a position sensitive diode (PSD), Fig

ure 5.24, at the 0 diffraction order and a quad photo diode at the —1 diffraction 

order. The diffraction order angles of 81° and 16.8° were chosen to combine the ad

vantages of a high dynamic range sensor with high precision. The electrical signal 

conditioning schematics for the PSD and the quad photo diode are found in Ap

pendix C. 2, Figures C.2 and C.3 respectively. The sensors are arranged such that 

a positive signal on the quad sensor (full right signal) and PSD are positive for a 

negative rotation of the pendulum platform about the vertical axis. 

5.6 Grating and Magnet Holder Design 

The non-contact optical sensing scheme for the five-wire pendulum is provided 

by the grating angular sensor described in Section 5.5.2. An optical grating must be 

rigidly attached to the pendulum platform with the grating surface located at the 
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rotation center to utilize the sensor. The non-contact actuator is provided by fixing a 

permanent magnet on the pendulum at the rotation center. The magnet is surrounded 

by two wire coils, which when energized produces a magnetic field and hence a torque 

on the platform. Since both the actuator and sensor require components to be located 

at the pendulum rotation center, a common fixture is used to mount both the grating 

and the magnet to the pendulum platform. The manufactured grating and magnet 

holder shown in Figure 5.25 is attached to the bottom of the pendulum platform. 

The entire holder is carefully designed to reduce the contributed moment of inertia 

to the pendulum platform and to maintain the mass center of the platform at the 

rotation center. A stainless steel bushing and screw are used to offset the mass of the 

grating to retain the mass center location. The holder is machined into two parts: a 

top u-shape attach fitting and a bottom mount for the grating and magnet. The two 

pieces are held together by two 1/16 inch diameter stainless steel spring pins. The 

u-shaped top to the holder provides adequate clearance for the measurement object 

and spans the large middle hole in the pendulum platform. The bottom portion of the 

mount provides a simple interface for holding the magnet and grating. Two magnets 

are placed into counter sunk holes on opposite sides of the mount and held in place 

by the magnetic attraction force. A single stainless steel #2-56 set screw is used to 

clamp the grating into place. The grating is positioned such that the surface is at 

the rotation center of the platform. The grating surface is also flush to the surface of 

the mount to prevent obstruction to the diffracted laser beam on either side of the 

grating surface. The grating center is located at a height of 4 inches (10.16 cm) above 

the optics plate to match the optics mirror mounts. Refer to Mechanical Drawings B.6 

and B.7 for further information regarding the geometry of the two-piece grating and 

magnet mount parts. A solid model showing the grating/magnet mount attached to 

the pendulum platform is shown in Figure 5.26. 
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Figure 5.25: Five-wire pendulum grating and magnet mount. 
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®l 

Figure 5.26: Five-wire pendulum platform with grating holder. 

5.7 Frequency Measurement Procedure 

As mentioned in Section 5.6, the pendulum platform contains a small permanent 

magnet and a corresponding set of coils to pulse the pendulum. A repeatable pen

dulum response for each measurement run is ensured by using a function generator 

connected to a coil driver circuit (Figure C.l) which sends a pulse to the coils. A 

repeatable response is necessary, as the pendulum natural frequency of oscillation is 

also a slight function of the pendulum oscillation amplitude. The time history angular 

position of the platform is recorded from the PSD and Quad photo diode signal using 

the grating angular sensor described in Section 5.5.2. A number of data reduction 

techniques exist to extract the natural frequency of rotation for the pendulum plat

form. The following paragraphs will describe and compare the various data reduction 

techniques which were considered. A summary of the data reduction techniques is 

depicted in Table 5.7. 
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Technique Complications/Issues 

Resolution limited by data length. 
Fourier Transform Requires long-term noise suppression and 

environmental stability. 

Coherent Demodulation Excessive measurements required 

Zero Crossing Detection Limited repeatability for noisy data 

Damped Sinusoid Curve Fit 
Susceptible to vibrations and 
variation in response amplitude. 

Table 5.7: Data reduction techniques. 

5.7.1 Damped Sinusoid Curve Fit 

The pendulum oscillatory frequency is easily extracted by data reduction in the 

time domain. The pendulum response to a single disturbance is known to be governed 

by the equations for damped harmonic motion: 

6 (t) = A0e-^nt cos (ujdt + 4>) + dc (5.7) 

wd '= c W l - C 2 (5-8) 

where A0 is the initial amplitude of oscillation, £ the damping coefficient, ud the 

damped natural frequency, u>n the natural frequency, <j> the phase, and dc the offset 

from zero in the raw voltage signal. A nonlinear curve fit is then applied to the data 

to experimentally determine the parameters of the pendulum response, including 

the natural frequency un and damping coefficient. In practice, the damped sinusoid 

curve fit of the data for a particular pendulum configuration typically resulted in 

a repeatability on frequency determination, / = u;n/27r, to be within the standard 

deviation range of a = 2 x 10~6 to 9 x 10~6 Hz for a frequency of around 2.0 to 3.0 Hz. 
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5.7.2 Fourier Transform 

Analysis in the frequency domain consists of performing a Fourier transform of 

the recorded oscillatory motion to calculate the amplitude spectral density of the 

signal. The peak in the amplitude spectral density data will indicate a bin width 

limited estimate of the measured damped natural frequency. In order to increase the 

frequency resolution of the Fourier transform estimate, the data length needs to be 

increased. By periodically pulsing the pendulum to keep the pendulum oscillating, 

long data lengths can be achieved. A repeated pulse drive is however not entirely 

desirable, as the FFT will contain harmonics from the pulse period and will affect 

the higher natural frequency of the pendulum to be measured. Since the measured 

damping coefficient is on the order of 10~4, the damped natural frequency is within 

approximately 10 - 8 of the natural frequency for the system. The measured natural 

frequency is therefore essentially the same as the natural frequency for the system. 

5.7.3 Coherent Demodulation, Sine Drive 

By using the frequency response for a damped driven harmonic oscillator the 

natural frequency of a system can be determined. The system frequency response is 

obtained by applying a sinusoidal driving force to the system and measuring the phase 

offset of the response from the drive force. A Bode plot of the system response can 

then be generated by repeating the procedure at various sinusoidal drive frequencies 

around the expected natural frequency of the system. 

The phase offset of the response from drive frequency will pass through n/2 at 

the natural frequency of the system regardless of the damping ratio for the system. 

Thus, by curve fitting the phase offset as a function of frequency, the n/2 crossing 

will establish the natural frequency of the system. What remains is a method for 

determining the phase offset of the response from the sinusoidal drive force. The 

phase offset can be determined by using the technique of coherent demodulation. 

Assume a drive force of the form: 

F(t) = cos (ut) (5.9) 
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and assume a sinusoidal response of the form: 

x(t) = cos (ut.+ </>}' (5.10) 

If the response signal is modulated with a cosine signal of the same drive frequency, 

u, one obtains: 

M = coa(ut+4>)caa(wt + <f>) (5.11) 

The phase offset between the drive and response signal is easily obtained, since the 

max of M occurs when <f> = <f) and M = cos2 (ut +'<ft). For the physical system, it 

is necessary to measure both the drive signal and the system response since the zero 

phase definition for the drive signal is arbitrary. The coherent demodulation proce

dure was not applied to the five-wire data for determining the oscillation frequency 

since excessive measurements would be required to determine the n/2 phase offset 

crossing. 

5*7.4 Time Domain Zero Crossing Detection 

To determine the pendulum frequency, the period is measured by detecting and 

measuring the difference between successive zero crossings of the sinusoidal signal. 

To find the zero crossing, a straight line is fit to the data in the proximity of the 

signal mean value. Using the best fit line for each data segment, the time value 

corresponding to the mean value crossing is determined for successive crossings. Then 

by subtraction the signal period and thus the frequency is determined. Although the 

technique works very well for a pure theoretical system response, as tested with a 

measured signal produced by a signal generator, the technique does not perform well 

in the physical world in the presence of disturbances and higher order system response 

modes. Figure 5.27, for example, shows the raw five-wire quad photo diode sensor 

data acquired at a sample frequency of 800 Hz with the time domain zero crossing 

detection algorithm applied. Although the zero crossing detection algorithm shows 

a clear fit to the data across the mean signal value crossing, the calculated signal 

frequency was inconsistent. Figure 5.28 shows the results after several successive 
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Figure 5.27: Time domain zero crossing detection. 
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Figure 5.28: Time domain zero crossing detection results. The mean frequency for 
the data is 3.1539 Hz with a standard of a = 4.7 x 10~3 Hz. 
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frequency calculations using the zero crossing detection technique. The results clearly 

indicated a bound determination of the frequency. At first the banded results observed 

in Figure 5.28 were thought to be due to measurement instrumentation digitization 

error. Yet as the data measurement sample frequency was increased, the results were 

unchanged. The variation in the determined frequencies is a result of disturbances 

and higher frequencies within the sinusoidal signal. The high frequency oscillation 

generated by disturbances and other oscillation modes cause a fluctuation of the zero 

crossing. As a result, the zero crossing detecting technique could not be applied to 

the five-wire pendulum data for extracting the frequency of oscillation to better than 

1(T2 Hz. 
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Chapter 6 

Experimental Results 

In order to perform measurements with any measurement apparatus, there exists 

a number of steps which must be performed before the actual desired quantity is 

determined. The five-wire'pendulum is no exception. Regardless of the final desired 

physical mass property, whether it be the mass center location or the moment of 

inertia, the pendulum platform must be set. up properly and calibrated. The pendu

lum calibration is therefore the first step prior to measurements. After an adequate 

calibration, the measurements for the desired mass property are conducted. As die-. 
v scribed in Section 4.4.2 for the mass center determination, and Section 4.3.2 for the 

moment of inertia measurement, a number of measurements must be performed for 

various configurations of the object in question. First, Section 6.1 describes the cal

ibration procedure and corresponding measurement results. The remaining sections 

describe the measurement process and corresponding results for the desired physical 

mass property. 

6.1 Pendulum Calibration 

As with any measurement device, the apparatus must first be calibrated before 

measurements can be made. For the five-wire torsion pendulum, the moment of 

inertia for the pendulum platform must be determined. The oscillatory motion of a 

torsion pendulum is described by the relationship in Equation 4.18. For the torsion 

144 
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pendulum the moment of inertia, Iozz, torsion coefficient, k, and actual rotation center 

are unknown. The unknown parameters are determined by adding a known moment 

of inertia to the system. This is achieved by the addition of n calibration spheres 

to the platform with a known moment of inertia Ic, such that the relationship in 

Equation 4.18 becomes: 

t = i 

Iozz + ^2Ici= mP + ^2 mi) — I6"1) 

Each calibration sphere mass rrij, with radius di, is placed in holes at locations Ri, as 

discussed in Section 5.1. The use of fixed holes for locating the calibration spheres 

ensures a high repeatability for positioning and hence a consistent addition to the 

total system moment of inertia. Since the calibration spheres are not placed at the 

rotation center of the pendulum platform, the parallel axis theorem is applied and 

Equation 6.1 becomes: 

Iozz + ^2 rriiRf + \midi = I mp + ^ m* J — (6.2) 
j=i " V »=i / 

The calibration measurement is repeated for various combinations of calibration 

sphere positions and a least squares fit of the measured data is then performed to 

obtain the unknown parameters. 

During the calibration process, the same number of calibration spheres are used 

for each calibration configuration and the calibration spheres will remain on the pen

dulum platform for any further measurements. In addition, the calibration process 

is performed with any required object mounting fixtures in place, such that the only 

addition to the system after calibration is the object for which the moment of inertia 

is to be determined. The goal is to minimize the change in system mass between the 

calibration measurements and the object identification measurements. The require

ment to avoid a change in the system mass between measurements stems from the 

fact that a change in pendulum platform load results in a stretch of the attach wires. 

file:///midi
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As explained in Section 5.2.2, the wire properties were chosen such that the compli

ance in each wire would be matched as a load is applied to the pendulum platform. 

Matching of the wire compliance reduces the change in the pendulum orientation 

and translation within the plane of the platform due to the additional load to the 

platform. Yet, the vertical position of the pendulum platform will translate with 

the additional stretch of the wires. This additional stretch will affect the calibration 

parameters determined for the pendulum. Recall for example Equation 4.19 for the 

torsion pendulum stiffness parameter. The stiffness parameter is inversely propor

tional to the nominal pendulum wire length. Due to a stretch of the wires from the 

applied load, the wire length will be different for various loading configurations. Care 

must be therefore taken to reduce the amount of mass change to the pendulum plat

form for each configuration in order to avoid a change in the torsion coefficient for 

the system. Similarly, by maintaining a constant system mass, the platform rotation 

axis direction is unchanged during the measurement process. 

The calibration procedure must be repeated if the total mass supported by the 

attach wires changes. This includes the addition of the measurement object to the 

torsion pendulum platform. After the measurement object is in place on the pendulum 

platform, the calibration procedure is then repeated to determine the new torsion 

pendulum stiffness parameter. The calibration procedure is summarized as follows: 

1. Measure frequency for various calibration sphere locations for the pendulum 

platform with the mounting fixtures in place. Both symmetric and asymmetric 

loading of the pendulum platform with the calibration spheres is required to 

determine the pendulum rotation center location. Parameters determined: 

• Pendulum instantaneous moment of inertia about rotation axis, Iozz. 

• Pendulum stiffness coefficient, k. 

• Pendulum rotation center location relative to design value, xr, yr. 

2. Repeat previous step with measurement object on the pendulum platform. The 

pendulum stiffness coefficient will have a new value due to the stretch of the 

wires. In addition, the pendulum rotation center may have changed. Parameters 

determined: 
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Parameter 

•*022 

k 
JUf 

VT 

Unloaded Pendulum 

432.3 a = 0.7 
1.1764 <7 = 6 .7x l (T 4 

2.21 a = 0.07 
3.16 a = 0.07 

Loaded Pendulum 
— 

1.0652 a = 8.7 x 10"4 

-1.97 a = 0.09 
0.12 a = 0.09 

Units 

kg-mm2 

m2/s2 

mm 
mm 

Table 6.1: Pendulum calibration results. The unloaded pendulum was calibrated 
with the sphere mounting fixture at the nominal center location. Three 3/4 inch 
spheres were also positioned in the outer calibration hole set for use as trim masses. 
The value for Iozz includes the sphere mounting fixture but not the 3/4 inch spheres. 
The loaded pendulum contained the addition of a 448.9 g sphere placed in the sphere 
mount. The measurement object is described in Section 6.3 and was sphere number 
six, in configuration number nine. . ' ' 

• Pendulum stiffness coefficient, k. 

• Pendulum rotation center location relative to design value, xr, yr. 

The results for the parameters determined in the calibration process are summa

rized in Table 6.1. Three 3/8 inch diameter calibration spheres were used for the 

calibration.1 The pendulum platform was calibrated with the sphere mounting fix

ture in the nominal center location and then with a spherical measurement object 

on the sphere mounting fixture. The value for the pendulum instantaneous moment 

of inertia, I0zz, as listed in Table 6.1 includes the sphere mounting fixture. For the 

platform without the measurement object in place, the frequency measurements were 

on the order of 2.53 Hz with a standard deviation below 3.7 x 10_5Hz. The calibra

tion results with the measurement object in places had frequency measurements on 

the order of 3.9 Hz with a standard deviation on the order of 2 x 10~5Hz or better. 

The raw frequency measurements and the calibration sphere location configurations 

are found in Appendix E, Table E.l and Table E.2. For comparison purposes, the 

SolidWorks estimate for Iozz is 1055.3kg-mm2, which includes the platform, sphere 

mount, the 3/8 inch calibration spheres in hole set one and the 3/4 inch spheres in 

hole set six. The measured value of Iozz as listed in Table 6.1 corresponds to a value 

of 1058.0 kg-mm2 for the same configuration. 

1For more information on the calibration spheres, refer to Table B.3 in the Appendix, Section B.3. 
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Figure 6.1: BeCu fixed mass center offset sphere. One of the holes drilled to form the 
mass center offset is visible in the lower left of the image. The location of the mass 
center offset is marked on the surface of the sphere in the upper right of the image. 
The great circles drawn on the sphere form the x — y coordinate axes. 

6.2 Mass Center Measurement 

Although the five-wire pendulum was primarily designed to perform moment of 

inertia measurements, the apparatus was also utilized to demonstrate the feasibility 

of mass center measurements using a torsion pendulum. As described in Section 4.4.2, 

the mass center location relative to the geometric center can be determined by placing 

the object far from the pendulum rotation center and then rotating the object to be 

measured. In order to demonstrate the ability to perform mass center measurements 

with the five-wire pendulum, a sphere with a fixed mass center offset was measured. 

This specially designed sphere was generated as a portion of a student project in the 

Precision Engineering course taught at Stanford University [5]. As part of the student 

course project, a 2 inch (50.8 mm) diameter BeCu sphere was machined with a specific 

geometry to generate a fixed mass center offset. The sphere was drilled with two holes 

forming a "V" to produce a mass center offset with respect to the geometric center. 
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Figure 6.1 shows the fixed mass center offset sphere with one of the holes forming 

the "V" visible. The sphere was designed to have a theoretical mass center offset of 

approximately 8 = 40//m [5]. One advantage to using this sphere as a mass center 

measurement object is that during John Conklin's PhD. work at Stanford, the mass 

center location was measured using the velocity modulation technique. Based on the 

ability to measure the hole location and geometry of the actual fabricated sphere, the 

expected mass center location was estimated by Conklin to be 8 — 44 /j,m with an 

error of approximately 10 //m [9]. By applying the velocity modulation technique for 

mass center measurements, Conklin has measured the mass center offset of this fixed 

mass center offset sphere to be [10], [9]: 

fmc/9c = 3 m _ 2().61y - 35.56i -pm (6.3) 

for a total mass center offset magnitude of 8 = 41.17/xm with a standard deviation of 

1.5 /im. In addition, the fixed mass center offset sphere has visible markings drawn on 

the outside surface to locate the approximate position of the measured mass center. 

By knowing the approximate location of the mass center prior to measurements, it 

is not necessary to perform a complete set of measurements at various orientations 

in order to demonstrate the ability to measure the mass center location using the 

torsion pendulum. Thus, the fixed mass center offset sphere can be positioned on the 

pendulum such that the mass center is located at the minimum and maximum distance 

from the pendulum rotation center (using 0 = n and (f> = 2ir in Equation 4.28). 

As a result, only measurements for two orientation configurations are required to 

obtain the mass center offset location. In order to solve for the mass center offset 

using measured values of the pendulum oscillation frequency, one can algebraically 

manipulate Equation 4.29 to obtain a polynomial in 8: 

0 = roo|(—) -l]82 + 2m0RL(^) cos fa - cos fa) 8 +10 I (^-\ - 1 

(6.4) 
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Parameter Value Notes 

Iozz 422.8 kg-mm2 Measured, Iozz = *$• 
Includes mounting fixtures. 

rn0 569.3 g 
a 25.4 mm Nominal sphere radius. 
I0 121.11 kg-mm2 Theoretical value: |m0a2 

R 76.89mm Design value: 2.950inch, (74.93mm) 
O;I/2TT 2.192462 Hz 25 Measurements, a.= 1.2 x 10~5 Hz 
a>2/27r 2.190501Hz 25 Measurements, a = 0.7 x 10~5 Hz 

(pi 7rrad Theoretical 
4>2 27rrad Theoretical 

Table 6.2: Parameters used for mass center offset calculation. 

With frequency measurements for (f) = ix and <\> = 2n, Equation 6.4 can then be used 

to find the mass center location within a desired plane. It should be noted, that 

in order to determine an unknown mass center location within a three-dimensional 

space, repeated measurements are necessary. That is, the object must be rotated by 

a fixed amount for multiple configurations within a single plane and then repeated 

for other planes of rotation. 

The BeCu fixed mass center offset sphere was placed onto the pendulum as shown 

in Figure 6.2. First, the sphere was placed with the mass center marking visible 

toward the pendulum vertical wire. The great circles marked on the sphere were 

aligned with the vertical wire and a visible laser beam was used for a repeatable 

sphere orientation. The measurement instrumentation was setup to allow data acqui

sition overnight at a constant 26.5 °C temperature. The process was then repeated 

for the sphere rotated by 7r, such that the marking for the mass center was away 

from the pendulum vertical wire. Finally, the frequency was obtained for each config

uration using the damped sinusoid curve fitting routine as described in Section 5.7. 

The frequency measurements had a standard deviation below a = 1.2 x 10 - 5 Hz for a 

frequency on the order of 2.5 Hz. Equation 6.4 and the parameters listed in Table 6.2 

were then used to calculate the mass center offset magnitude 5. The measured mass 

center offset from the geometric center for the fixed mass center offset sphere was 
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Figure 6.2: BeCu fixed mass center offset sphere on the pendulum in the configuration 
for mass center measurement. Three 3/8 inch spheres are used to create a three point 
mount. The geometric center of the sphere is located at a radial distance from the 
rotation center equivalent to calibration hole set number five. 
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Source 
Design Value 

Estimate from Geometry 
Velocity Modulation, Measured 
Torsion Pendulum, Measured 

MC Offset 

40.0//m. 
44.0//m 

.41.17/im 
40.23//m 

Notes 

Theoretical, [5] 
a= 10/xm, [9] 
a=1.5fim, [10], [9] 
Error Estimate: 1 fim 

Table 6.3: Comparison of mass center measurement results. 

found to be 5 = 40.23 /mi. Although a full error budget on the measurements was 

not performed, it is estimated that the mass center offset measurement has an error 

within about 1 //m. The results are consistent with and within the standard deviation 

of the measured results as presented by Conklin [9]. Table 6.3 summarizes the var

ious estimates for the mass center offset of the fixed mass center offset sphere. The 

measured results indicate that the pendulum can indeed be used for accurate mass 

center measurements. 

Currently, the limitation on the accuracy of the mass center measurement is that 

of the pendulum calibration process and the value for the unloaded pendulum radius 

of gyration, I0zz/mT- It should be noted, that the measured results presented here 

assume the rotation center of the pendulum is equivalent to the value determined in 

the calibration process with a sphere of 448.9 g placed at the center of the pendu

lum. The actual fixed mass center offset sphere measured has a mass of 569.3 g. The 

difference in over 100 g will generate a change in the torsion pendulum stiffness coef

ficient, £;, and hence the estimated unloaded pendulum radius of gyration, / „ „ / % . 

The additional mass on the pendulum will reduce the absolute value of the measured 

mass center offset, 5. Additionally, due to the asymmetric loading of the pendulum, 

it is expected that the rotation center will have shifted from the designed location. 

By placing a counterbalance mass symmetric to the rotation center, the shift in the 

rotation center due to wire loading can be minimized. Yet this pendulum platform 

design did not incorporate the ability to locate a counterbalance mass in the direc

tion opposite to the vertical wire. The actual rotation center and torsion pendulum 

radius of gyration with the measurement object in place can be determined by per

forming an additional calibration routine with the sphere located in the mass center 
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measurement configuration. Since the intent of this work is only to demonstrate the 

feasibility of mass center measurements using the torsion pendulum, the lengthy cal

ibration routine with the sphere in the mass center measurement configuration was 

not performed. 

In addition, recall that the measurements assumed the approximate location of 

the mass center was known, such that multiple measurements for various orientation 

of the sphere were not necessary. The overall accuracy of the measured offset will 

therefore be slightly affected. It is expected that the results presented here would be 

an underestimate of the actual mass center offset magnitude obtained from a more 

rigorous measurement procedure. This stems from the fact that the maximum and 

minimum separation distance for the mass center location relative to the pendulum 

rotation center was approximately known. An error in the assumed rotation angle, 

0, will result in an equivalently reduced mass center offset value. 

6.3 Preferred Principal Axis of Inertia Sphere 

For gravitational reference sensors, a rotating spherical proof mass may be used. 

For such a design it is beneficial to separate the polhode rate from the spin frequency. 

It is possible to spectrally separate the spin frequency from the polhode rate by 

creating a proof mass with one principal moment of inertia which is at least 10% 

greater than the other two [9]. To demonstrate the feasibility of manufacturing a 

spherical proof mass with such a moment of inertia difference ratio, a set of spheres 

were fabricated as part of a student project in the Precision Engineering course taught 

at Stanford University by Professors Dan DeBra and Dave Beach [8]. These preferred 

principal axis of inertia spheres were constructed of either two or three brass parts 

and then brazed together to create a complete sphere. Figure 6.3 shows a simplified 

cross-sectional view of the two designs and the theoretical design parameters for the 

preferred principal axis of inertia sphere are shown in Table 6.4. Note that the ideal 

simplified geometry depicted does not match exactly the fabricated version. The 

internal geometry was modified by adding features to simplify the machining process. 

The two-part sphere was machined using a computer numerical control (CNC) mill 
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140° 0.4ro 
(a) 2-Part Sphere (b) 3-Part Sphere 

Figure 6.3: Preferred principal axis of inertia sphere simplified cross-section. The 
cross section view for the 2-part sphere is in the plane of the seam between the 
two hemispherical shells. The cross section view for the 3-part sphere is in a plane 
perpendicular to the plane of the two seams for each hemispherical shell. 

and contains a number of. features such as rounds in order to simplify the machining 

process. In addition, the two-part sphere contains features necessary for mating the 

two pieces together properly. The three-part sphere was machined using a lathe and 

does not contain the same machining or mating features. As a result, the two-part 

sphere deviates further from the ideal cross-sectional geometry than the three-part 

sphere. 

Since, the moment of inertia difference ratio was designed to be on the order of 

10% for preferred principal axis of inertia spheres, the five-wire pendulum is well-

suited to measure the moment of inertia difference ratio. It should be noted that the 

moment of inertia tensor for a spinning spherical drag-free reference is important for 

two reasons: 

1. Mass Attraction Calculations. 

2. Characterization of the Spinning Sphere Dynamics. 
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Inertia Ratio 

' • 'P33 _ *P22>I -*P11 

Design Parameter 2-Part Sphere 3-Part Sphere 

Radius, r0 25.4 mm 25.4 mm 

0.110 0.103 

Material Brass Brass 

Table 6.4: Preferred principal axis of inertia sphere design parameters. 

To begin the measurement process, the preferred principal axis of inertia spheres 

must be marked. Two perpendicular great circles are drawn onto the surface of 

the spheres to be used as a coordinate reference. However, the intersection of the 

two great circles can not be placed at the center of the polhode paths as described 

in Section 5.4.2. Generating the polhode paths using the air bearing process as 

previously described is not possible with the current fabrication state of the spheres. 

Unlike commercially fabricated spheres, the two and three part spheres have not yet 

undergone a lapping and polishing procedure. As a result, the sphericity and surface 

finish of the spheres is not adequate for generating the torque free motion required 

for generating the polhode paths. Without the polhode path markings, the moment 

of inertia principal axis directions for the sphere are unknown. The full inertia tensor 

can therefore only be determined by measuring the instantaneous moment of inertia 

about a minimum of six different rotation directions as described in Section 4.3.2. 

The torsion pendulum is designed to rotate about a single axis. As such the 

measurement object, i.e. the sphere, must be rotated to different orientations with 

respect to the rotation axis. The choice of these orientations must adequately map out 

the inertia ellipsoid. In order to select the orientations, recall Equation 4.2. Matrix 

A consists of the instantaneous directions of rotation associated with the inertia 

measurements. Prom Equation 4.2 it is seen that the selected rotation directions 

for the measurements must produce a well conditioned A matrix. In addition, for 

simplicity it is desired to rotate the sphere relative to the pendulum platform by 

simple angles. After calculating the condition number of the A matrix for different 
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rotation angles such as 7r/3, 7r/4, 7r/6, it is determined that the rotation angle of 7r/4 

should be used. 

To position the sphere relative to the pendulum platform, a set of body axes are 

first established for the sphere, Figure 6.4, and the pendulum platform, Figure 6.5. 

On each of the fabricated preferred principal axis of inertia spheres, the seam is faintly 

visible as silver line resulting from the brazing material. One great circle is drawn 

in a plane parallel to the brazed seam. The origin for the sphere coordinate system 

is placed at the geometric center of the sphere. The x axis is perpendicular to the 

surface of the sphere at the intersection of the two great circles. The y axis is along 

the great circle drawn parallel to the seam. The z axis completes the right-handed 

coordinate system. For the pendulum platform, the origin is located coincident with 

the designed mass center and rotation center. The i — j plane is located within the 

platform plane, with the i axis pointing toward the vertical wire. The k axis is vertical 

along the rotation axis, completing the right handed coordinate system. 

Using the coordinate frames fixed to the body frame of the sphere, a set of Euler 

rotations are used to denote any orientation of the sphere relative to the pendulum 

platform. Denoting c and s for cosine and sine respectively, the Euler transformation 

matrices for the sphere frame, S, with respect to the five-wire pendulum frame, F, 

are: 

rpS/F _ 

1 

0 

0 

0 0 

C(p S(p 

— &<j> C(p 

S/F 

c9 0 

0 1 

s9 0 

-s6 

0 

c9 

rpS/F _ 
i •Li> ~ 

cip 

—sip 

0 

# 0 

cip: o 

0 1 

(6.5) 

where (p, 6, ip denote a rotation about the sphere body fixed axes of x, y, z respectively. 

Using the relations given in Equation 6.5, a z,y,x transformation for example is given 

by: 

rpS/FrpS/FrpS/F 
J-<f> 16 11JJ 

• ^ " 

i 

3 

k 

_rS/F 

" A " 

i 

3 

k 

(6.6) 
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Figure 6.4: Sphere body coordinates. 

>&b>. 

Figure 6.5: Pendulum platform coordinate system. 
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Yet, in order to determine the moment of inertia tensor for the sphere using Equa

tion 4.2, the pendulum axis of rotation, k, must be represented within the body frame 

of the sphere. Thus, for the z,y,x transformation example one finds the representa

tion of the k axis within frame 5": 

(6.7) 

For the preferred principal axis of inertia spheres, a set of nine measurement 

configurations was performed. The Euler rotation sequence for each configuration 

and the resulting k measurement axis is presented in Table 6.5. Figure 6.6 shows a 

completed sphere with the great circles and markings fore each of the nine orientation 

configurations. A two part sphere as positioned in orientation configuration 1 with 

the body frame of the sphere aligned with the pendulum frame is shown in Figure 6.7. 

For each of the measurement configurations, the natural frequency of oscillation is 

determined by applying the damped sinusoid curve fit routine described in Section 5.7 

to the pendulum time response. The measurement data for the preferred principal. 

axis of inertia spheres are listed in Appendix E, Table E.3 through Table E. 7. By 

applying the least squares fit of the measured data, as outlined in Section 4.3.2, 

the inertia tensor in the body fixed coordinate system and the principal moments of 

inertia are determined. Table 6.6 lists the measured results for the preferred principal 

axis of inertia spheres. 

As part of the measurement process, the eigenvectors of the measured inertia 

matrix are determined to produce the directions for the principal moments of inertia 

relative to the body-fixed coordinate system. Although the body frame may be 

somewhat arbitrarily defined, the information contained within the eigenvectors is 

quite valuable and additionally provides a cross-check on the measurement results. 

Recall the cross-sectional view of the preferred principal axis of inertia spheres in 

Figure 6.3. Clearly the spheres contain planes of geometric symmetry where the mass 

distribution is equally symmetric. Due to the symmetric mass distribution about the 

symmetry planes, the ellipsoid of inertia must possess the same plane of symmetry. 

i 

3 
k 

= 
'TS/F]T 

X 

y 
z 
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Config Rotation Sequence Measurement Axis 

1 
2 
3 
4 
5 
6 
7 
8 
9 

<t> = 
4> = 
6 = 
6 = 

<t> = 
4> = 
i> = 
i> = 

No Rotation 
TT/2 

TT/2 

TT/4 

-TT/4 

TT/2 

- TT/2 

-TT/2 

—TT/2 

v> = 

tf = 
^ = 

0 = 
4> = 

TT/2 

TT/4 

-TT/4 

TT/4 

-TT/4 

Of 
Ox 
lx 

^ x 
^ x 

V2X 

^ X 

Ox 
Ox 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

Oy 
iy 
Oy 
Oy 
Oy 

T*y 

7*y 
i ~ 

T2V 

+ 
+ 
+ 
+ 
+ 
+ 
+ . 
+ 
+ 

U 
Oz 
05 

V2Z 

-±z 
V2Z Oz 

Oz 
-^z 

\/2Z 

±-z 
V2Z 

Table 6.5: Orientation configurations for sphere measurements. 

Figure 6.6: Preferred principal axis of inertia sphere marked with nine orientation 
configurations. 
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/ » T * 
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'^S**Mr"'« 

Figure 6.7: Preferred principal axis of inertia sphere on platform. 
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For the 2-part sphere, is is known that the direction of the maximum principal 

moment of inertia must be in the plane of the seam if the sphere was perfectly 

manufactured and of homogeneous density. Since the body fixed y axis is drawn on 

top of the seam, the direction of the principal moment of inertia must be within the 

body x—y plane. The resulting eigenvectors for each of the 2-part sphere measurement 

data are shown in Figure 6.8 and Figure 6.11. As expected, the maximum moment 

of inertia direction has a nearly zero component along the body z direction and thus 

is within the body x — y plane. 

For a 3-part sphere of ideal geometry and of homogeneous density, it is known 

that the direction of the maximum principal moment of inertia must be in a plane 

that is perpendicular to the seams, or rather perpendicular to the x — y body frame. 

Figure 6.12, shows the results for the 3-part sphere principal axis directions. As 

expected, the direction for the maximum principal moment of inertia is primarily 

along the body z axis. 
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ISl 

1 -

0 . 5 -

0 -

- 0 . 5 -

- 1 -

- 1 

Sphere TP'B = [e i ,e 2 ,e 3 ] 
(Dimensionless) 

2-Part # 1 
0.423 0.089 -0.901 
0.872 0.230 0.433 

-0.246 0.969 -0.020 

Figure 6.8: Principal axis measurement data for 2-Part Sphere Number 1. The mea
sured rotation matrix from the principal axis frame to the body fixed frame, TP/ /B. 
The axis labels correspond to the directions of the body fixed frame and the axis 
values correspond to the eigenvectors. 
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N 

1 -

0 . 5 -

0-

- 0 . 5 -

- 1 -

. . . • : ' ' ' • 

• •• 

Sphere T p / B = [ e i , e 3 , e s ] 
(Dimensionless) 

2-Part # 3 
0.861 0.408 0.304 

-0.262 -0.156 0.952 
-0.436 0.900 0.028 

Figure 6.9: Principal axis measurement data for 2-Part Sphere Number 3. The mea
sured rotation matrix from the principal axis frame to the body fixed frame, TP^B. 
The axis labels correspond to the directions of the body fixed frame and the axis 
values correspond to the eigenvectors. 
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N -

1-

0 . 5 -

0-

- 0 . 5 -

- 1 -

S; ' • 

- 1 

^•Ellipsoid 
- - - 111 

122 
1 J J 

Sphere Tp/B = [e i ,e 2 ,e 8 ] 
(Dimensionless) 

2-Part #4 
-0.273 0.437 0.857 
0.372 -0.774 0.513 
0.887 0.459 0.048 

Figure 6.10: Principal axis measurement data for 2-Part Sphere Number 4. The 
measured rotation matrix from the principal axis frame to the body fixed frame, 
fP/B rpĵ g a x i s labeig correspond to the directions of the body fixed frame and the 
axis values correspond to the eigenvectors. 
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14 

0.5 4 

Ni 0 4 

-0 .5 4 

HHH E l l i p s o i d 
- - - 111 

122 
133 

Sphere TP'B = [e i ,e a , e 3 ] 
(Dimensionless) 

2-Part # 6 
0.552 -0.177 0.814 
0.796 -0.180 -0.579 
0.249 0.967 0.042 

Figure 6.11: Principal axis measurement data for 2-Part Sphere Number 6. The 
measured rotation matrix from the principal axis frame to the body fixed frame, 
J'P/B rpj^ ^ g jgjjgig correspond to the directions of the body fixed frame and the 
axis values correspond to the eigenvectors. 
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N 

1 -

0 . 5 -

0 -

- 0 . 5 -

- 1 -

- 1 - 1 

Sphere TP'B = [e i ,e 2 , e 3 ] 
(Dimensionless) 

3-Part # 8 
0.861 0.497 0.111 
0.496 -0.867 0.044 

-0.118 -0.017 0.993 

Figure 6.12: Principal axis measurement data for 3-Part Sphere Number 8. The 
measured rotation matrix from the principal axis frame to the body fixed frame, 
TplB. The axis labels correspond to the directions of the body fixed frame and the 
axis values correspond to the eigenvectors. 
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Chapter 7 

Measurement Error 

No measurement value is complete without a discussion on the associated mea

surement errors. Although the results discussed in Chapter 6 are for physical mass 

properties, the actual parameter measured is that of the pendulum oscillation fre

quency. The desired mass properties are then calculated from the frequency measure

ments. In practice it has been observed that the standard deviation on the inertia 

tensor components is typically a factor of three to five times worse than the observed 

standard deviation of the frequency measurements. As a result, this chapter will focus 

primarily on the error associated with a frequency measurement and the change in 

frequency as the fundamental error metric. 

It is important to recognize that the error sources for a measurement or observation 

may be either systematic or random. The systematic errors cause the measurement 

value to differ from the true value by a fixed amount. The measurement value may be 

biased, for example due to the measurement method or due to improper calibration. A 

systematic error will affect the accuracy of a measurement. An improper calibration of 

the five-wire torsion pendulum will therefore affect the accuracy of the measurement. 

Random error affects the actual precision of a measurement result and is reflected 

in the standard deviation of the measurements. Random vibration of the five-wire 

torsion pendulum is an example of a random error, generating a deviation between 

sequential measurements. In the end, the repeatability of a measurement apparatus 

is the true indication of the precision. 

168 
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For the five-wire torsion pendulum, the ability to calibrate the five-wire pendulum 

is the primary limitation to the absolute accuracy of the measurements performed. 

For the spherical measurement objects, the ability to mark the object with accurate 

orientation marks will also contribute to the final accuracy of the mass property mea

surements. Still, the calibration of the apparatus is the key limiting factor. Since it 

is assumed that systematic offsets such as calibration can be reduced with additional 

measurements or by using calibration measurement objects, this chapter will focus 

on the errors associated with the precision of repeated measurements. That is, the 

repeatability and corresponding effects to the standard deviation of the frequency 

measurements are of interest. A few of the error sources associated with the five-wire 

torsion pendulum as related to measurement of the torsional frequency are discussed 

in the following sections. A summary of the primary error sources and the approx

imate impact on the measured pendulum natural frequency is listed in Table 7.1. 

7.1 Temperature 

In order to establish the change in pendulum oscillation frequency due to temper

ature changes, we return to Equation 4.16 for the pendulum natural frequency: 

• U' Ip L 

where mp and Ip is the mass and instantaneous moment of inertia about the rotation 

axis for the pendulum respectively. The frequency of oscillation is therefore a function 

of the wire length, L, and the distance from the pendulum rotation center to the 

wire attach point, r. A reference natural frequency, u>0, is defined to be the natural 

frequency with the nominal wire length, L0: 
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Error Source 

Temperature 
(Theoretical) 

Temperature 
(Observed) 

Temperature & 
Platform Tilt 

Vibration 

Foundation Tilt 
From Temperature 

Air Currents 

Nonlinearity 
(Theoretical) 

Without 
Countermeasures 

6xlO- 6 Hz~ 
per IK 

l x l O - 4 H z 
per IK 

6 x 10-5 Hz 
per 5 mK 

> 5 x 10"5 Hz 

4 x 10"6 Hz 

> 1 x 10-4Hz 

1 x 10-4 Hz 
per ldeg 

Estimate with 
Countermeasures 

PID Provides 
15 mK Stability 

7.5 x 10-5Hz 
per IK 

PID Provides 
15 mK Stability 

PID Provides 
15 mK Stability 

1 to 0.5 x 10~5 Hz 

Not Observable 

Not Observable 

Not Observable 

Table 7.1: Estimated noise source contributions based on experimental observations. 
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Parameter 

Lo 
r 

mp 

h 
OIL 

Value 
11.43cm 
10.16 cm 
124.08 g 

398.3 kg-mm2 

4.5e-6KT1 

Notes 

Design value: 4.5 inches 
Design value: 4.0 inches 
Measured 
SolidWorks Estimate 
Tungsten 

Table 7.2: Pendulum properties. 

The wire length will change due to fluctuations in temperature, resulting in a change 

in the oscillation frequency. The frequency due to a change in the nominal reference 

wire length AL is therefore: 
• , _mp gr2 

Assuming a linear thermal expansion for the wires, the change in the original wire 

length, L0, due to a temperature change AT is related by: 

AL = aLATL0 ' (7.3) 

where OIL is the linear thermal expansion coefficient for the material. Substituting 

the relationship for the change in wire length due to material thermal expansion into 

Equation 7.2, the resulting frequency due to a change in temperature becomes: 

,2 

Ip L0(1 + ~^LAT) ^ = ^ r , 9 " ^ (7-4) 

Using Equation 7.4 and the values in Table 7.2 for the pendulum parameters, a 1K 

change in temperature results in a theoretical frequency change \u0 — uT\ on the 

order of 6 x 10_6Hz. In practice however, the variation in frequency for a change 

in temperature is larger than the theoretical calculation. Figure 7.1 shows the cor

relation between the pendulum natural frequency and temperature over a range of 

0.55 °C at 25 °C. Although the simplified theoretical model for the pendulum fre

quency dependency on temperature was linear, the measured results indicate a clear 

nonlinear dependency. The deviation from the observed temperature dependency and 
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Figure 7.1: Pendulum temperature calibration prior to compensation. 
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the theoretical calculation is a result of two primary factors: 

• Pendulum wire geometry. 

• Pendulum foundation stability. 

The expected frequency change was calculated due to a wire elongation from a change 

in temperature. The five-wire pendulum has different length wires. As such, there 

will be a different change in wire length for each wire due to a temperature change. 

Thus, not only is there a change in frequency due to a change in wire length from 

temperature effects, but there will also be a change in frequency associated with a 

change in the orientation of the pendulum rotation axis. Since the wire configuration 

is symmetric about one axis, the platform will tend to tilt around the pendulum j axis 

(Figure 6.5). In addition, fluctuations in the other directions will exist as thermal 

equilibrium of each wire is achieved with the ambient air. 

The change in orientation of the pendulum due to temperature is easily verified 

by monitoring the vertical and horizontal position signal produced by the quad photo 

diode sensor. Figure 7.2 for example shows the variation in the null position of the 

pendulum platform as measured by the- quad^photo sensor over the course of five 

hours. The air temperature surrounding the apparatus for the course of the five hour 

measurement is depicted in Figure 7.3 and shows about a 6mK drift in temperature 

over the five-hour measurement period. As expected, a change in temperature re

sults in an observed change in the vertical and horizontal null position on the quad 

photo diode sensor. In fact, the null top/bottom signal on the quad photo detec

tor provides a more sensitive temperature measurement than the PtRTD used for 

temperature measurement. Figure 7.4 shows the temperature and quad photo sensor 

drift over a five-hour measurement. Both the left/right and top/bottom null position 

measurements from the quad sensor are related to temperature fluctuations. The 

top/bottom signal is also a true representation of the pendulum rise in the direction 

of the vertical wire and the left/right signal is a representation of a pendulum rota

tion due to the mismatch in the wire elongation between the symmetric angled wire 

pairs. Thus the relationship between the pendulum frequency and the quad sensor 

top/bottom signal is used to gain an estimate of the systematic change in pendulum 
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Figure 7.2: Pendulum platform null position change due to temperature. 
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Figure 7.3: Temperature drift for Figure 7.2 

rotation frequency due to a combined temperature change and a change in pendulum 

tilt. The correlation between frequency and the quad sensor top/bottom signal is 

depicted in Figure 7.5 and Figure 7.6. The actual relationship depends on the load

ing configuration of the pendulum platform and the temperature stability. Figure 7.5 

shows the relationship over a five hour run for a symmetrically loaded pendulum us

ing the calibration spheres in the fourth hole set from the center. The temperature 

for the measurement exhibited a steady drift over the range of 12 mK which equates 

to approximately 2.6 x 10_5Hz for a 5mK change. Figure 7.6 shows the relation

ship between three nightly runs and the top/bottom signal where the temperature 

was within a standard deviation of 3mK over each of the five-hour measurement 

runs. The variation in mean temperature between the three different runs was within 

5 mK, which was within the limitations of the sensor. The same asymmetric loading 

configuration was used for each measurement. The results in Figure 7.6 indicate a 
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Figure 7.6: Pendulum frequency vs. null top/bottom position. Asymmetric pendu
lum loading. 

6 x 10 5 Hz frequency change for a temperature change of approximately 5'inK. 

In addition to the pendulum wire geometry, the stability of the pendulum foun

dation and the corresponding temperature dependency contributes to the pendulum 

frequency variation. The pendulum foundation stability depends on both the stability 

of the actual pendulum wire attach foundation as well as the optics table on which 

the pendulum is located. For example, a change in the laboratory temperature was 

observed to change the level of the optics table. In addition, the pendulum wire attach 

foundation optics plate is separated from the optics table through vibration isolation 

mounts, which are further described in Section 7.2. The temperature stability of the 

isolation mounts affects the stability of the platform level. In practice, it was found 

that by maintaining the temperature of the vibration mounts, the standard deviation 

in frequency measurements could be reduced by approximately 4 x 10~6Hz. 

li : I , : L 
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Device Model Description 
Power Supply : HP 6038A Max Voltage Set to 60 V 

Max Current Set to 2 A 
Heater Strips HK5173R110L12 Polyimide Thermofoil™ 

110Q, 12mchx2inch 
Temperature Sensor Omega 747 Thermistor 

Table 7.3: PID temperature controller hardware. 

Temperature Control 

In order to reduce air temperature fluctuations at the pendulum, a simple insulated 

chamber is used to enclose the five-wire apparatus. The main outer chamber consists 

of 5 cm thick polystyrene. Within the outer chamber is the optics plate on which 

the five-wire apparatus is constructed. An inner chamber on top of the optics plate 

composed of Reflectix™, a reflective bubble wrap insulation, encloses the pendulum 

and optics. 

To further reduce the platform oscillation frequency temperature dependency, a 

PID temperature controller was placed within the chamber containing the five-wire 

pendulum. The PID controller was implemented using a power supply and two Minco 

flexible heater strips attached to a 45 cm by 75 cm by 0.5 cm aluminum plate. The 

PID controller sends a current control signal to the power supply attached to the 

Minco heater strips. Additional details of the hardware implementation is found 

in Table 7.3. For the PID software implementation, the standard form of a PID 

controller output u(t) was used: 

•u(t) = Kple(t) + ±Je(T)dT + T i ^ \ (7.5) 

where e(i) is the error from the desired set value and the actual measured value. 

The proportional gain, Kp, derivative time, Tj, and integral time, 7$, PID controller 

parameters are found in Table 7.4. The PID controller was implemented using a 

sample and hold technique, with a cycle time much less than the system response time. 



www.manaraa.com

7.1. TEMPERATURE 179 

Parameter 
Proportional Gain 
Derivative Time 
Integral Time 
Cycle time 

Kv 

Td 

Ti 
dt 

Value 

5.0 
200.0 
1250.0 

4.0 

Units 

dimensionless 
seconds 
seconds 
seconds 

Table 7.4: PID temperature controller gains. See Eq. 7.5 

The PID parameters were obtained using a manual tuning process. The proportional 

gain was first increased with the other parameters set to zero until instability was 

observed. The proportional gain was then reduced by at least a half. The derivative 

term was then adjusted until instability was observed and then reduced. Finally, the 

integral term was adjusted for a reasonable time response without excessive overshoot. 

The time response of the PID temperature controller using the determined control 

gains is depicted in Figure 7.7. 

Before starting pendulum frequency measurements, the PID temperature con

troller is started. The system has a short temperature time constant on the order of 

minutes which is associated with the wires and a longer temperature time constant 

on the order of several hours, which is associated with the support foundation and 

i measurement optics/fixtures. As a result, the system is maintained at a constant 

temperature for about 1 day prior to making measurements. Even though pendulum 

oscillation frequency measurements are not conducted during the PID preheat, the 

pendulum is pulsed at regular intervals at the same rate the pendulum would be 

pulsed during measurement runs. Through experimentation, it was found that start

ing the oscillation of the pendulum after an inactive period generates a disturbance 

to the stagnant air, causing a 15 mK or more change in temperature of the chamber. 

Thus, by continuously pulsing the pendulum, the conditions inside the chamber are 

consistent during measurements. 

As shown previously in Figure 7.1 the temperature calibration for the pendulum 

indicated a quadratic dependency, which is contrary to the theoretical linear relation

ship. It was found through experimentation, that the exhibited quadratic relationship 

was due to motion of the pendulum support frame from temperature fluctuations. 
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Figure 7.7: PID temperature controller step input time response. 

Specifically, the optics plate and the rubber vibration isolation pads below the optics 

plate (described in Section 7.2), were the root cause. Thus, in addition to maintain

ing the temperature of the surrounding air with the PID controller, the temperature 

stability of the supporting foundation structure is also required. The heat input to 

the system via the PID controller must therefore be isolated from the optics plate 

containing the experiment and supporting structure. The aluminum plate with the 

heater strips is isolated from the optics plate by placing the heater plate onto a set of 

thermally non-conductive pads. Figure 7.8, shows the final temperature correlation 

for the pendulum after implementing the PID controller and taking care to reduce 

temperature fluctuations of the optics plate and supporting structure. The final 

correlation between the pendulum oscillation frequency and temperature results in 

the expected theoretical linear relationship. The expected linear relationship shown 

in Figure 7.8, is primarily a result of maintaining the temperature stability of the 

supporting structure. 
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set 6. 
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Figure 7.9: Observed earthquake in measurement data. 

7.2 Vibrational Disturbances 

Random vibrations at the pendulum foundation due to seismic disturbances and 

human activity cause the pendulum to oscillate. As described in Section 5.7, the 

pendulum frequency is measured by applying a nonlinear curve fit,to the expected 

damped sinusoidal response. If the pendulum response does not match the expected 

damped sinusoidal response, due to a disturbance in the phase or amplitude of the 

signal, then the curve fitting procedure will be inconsistent. Disturbances to the pen

dulum response via random vibrations therefore limit the accuracy of the frequency 

measurement procedure. For a sense of the pendulum sensitivity to ground vibra

tions, consider the results from two lab measurements. Figure 7.9, shows for example 

the effect on the measurement data from a magnitude 3.2 earthquake near Antioch, 
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data_scope_chl_2 0 08_10_21_1358_30.dat 
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Figure 7.10: Observed disturbance in measurement data. 

CA, US GS event nc51199l49. The pendulum response clearly shows the presence of 

the earthquake induced ground vibrations for an epicenter about100 km away from 

the Stanford laboratory. More frequent disturbances to the pendulum are impulsive 

shocks as a result of hallway lab doors slamming shut. Figure 7.10 shows a slight 

disturbance to the pendulum response about 120 seconds into a data run. The dis

turbance is thought to be the effect of a stairwell door down the hallway slamming 

shut. Processing of the raw data containing the disturbance generated a frequency 

measurement which was more than 1 x 10_4Hz different than the other measure

ments from the same data acquisition run containing measurements with a standard 

deviation of 1 x 10~5 Hz. 
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Pendulum Design for Vibration Environment 

Proper design is the key to minimizing the susceptibility to random vibration. 

During the initial design for the five-wire apparatus, the natural frequency of oscilla

tion for the pendulum was selected to be below the existing vibrational noise sources. 

Before the five-wire pendulum was fabricated, the vibrational noise floor of the ta

ble to be used was recorded using a Mark Products L4C seismometer. Figure 7.11 

and Figure 7.12 shows the seismic horizontal and vertical noise floor respectively of 

a granite table located within Stanford's End Station II lab space. 

When selecting the natural frequency of oscillation for the pendulum, the high

est frequency below the noise sources in the amplitude spectral density noise plot 

is selected for the pendulum natural frequency. The pendulum frequency is easily 

trimmed to a lower value after the platform fabrication by the addition of mass dis

tant from the rotation center. From Figure 7.11 and Figure 7.12, it is seen that the 

vibrational noise source for the granite table has a peak around 10 Hz and 30 Hz in the 

horizontal and vertical directions respectively. As a result the target design natural 

frequency for the five-wire pendulum was chosen to be no greater than 3 Hz. Due to 

the required wire geometry for the five-wire pendulum, a higher pendulum natural 

frequency results in a more compact and smaller apparatus. As the equivalent pen

dulum wire length is increased, the long wires on the five-wire pendulum can become 

very long. For example, with an equivalent pendulum wire length of 11.4cm for a 

pendulum natural frequency of almost 3 Hz, the long wires on the five-wire pendulum 

are nearly 30.5 cm long. As a result, the targeted pendulum natural frequency for the 

five-wire pendulum was designed to be on the order of 3 Hz. 

Challenges with Vibrational Disturbances 

A granite table in Stanford's End Station'II was originally planned as a work 

surface for the five-wire pendulum. Unfortunately, due to lab space availability and 

limited budget constraints, the experiment had to be moved to an alternate location, 

consisting of an optics table with standard non-vibration isolation legs. This alternate 

optics table is located within the newly constructed Astrophysics building at Stanford. 
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Figure 7.11: Vibration noise floor of granite table, horizontal direction. 
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Figure 7.12: Vibration noise floor of granite table, vertical direction. 
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The vibration noise floor of the Astrophysics building and the optics table were found 

to be significantly different than the originally planned location. Figure 7.13 shows 

for example the vibrational characteristics of the lab floor and the optics table in the 

newly constructed Astrophysics building basement. The vibrational spectrum for the 

floor and optics table in the Astrophysics building indicates a much higher vibration 

level above approximately 6 Hz. These high frequency vibrations in the building are 

produced by the building air handler system and are slightly reduced when the outside 

air temperature does not exceed approximately 18 QC over the course of a day. The 

lab in which the measurements were taken is located on the basement level of the 

Astrophysics building and below this level is the sub-basement. In the building the 

air handler system is attached directly to the cement ceiling, which is effectively the 

floor to the level directly above. As a result, vibrations from the air handler system 

of the lab below are transferred to the floor of the lab above. For comparison, refer to 

Figure 7.14, for the vibration characteristics of the floor in an Astrophysics building 

lab located on the bottom level. The spectrum in Figure 7.14 exhibits the expected 

high frequency roll-off characteristics. 

After the actual construction and assembly of the five-wire pendulum on the optics 

table in the Astrophysics building, it was found that the vibration noise level was too 

high for running the pendulum. First, the 3.1 Hz pendulum natural frequency was too 

high to avoid interference from the vibrational disturbance peak at 4 Hz. In addition, 

the translational modes of the pendulum, which are much higher than the pendulum 

torsional natural frequency, are magnified by the high frequency noise observed in 

the spectrum. As a result, the pendulum response was not a clean damped sinusoid. 

Due to the presence of the high vibration levels in the laboratory, a passive isolation 

system had to be designed. 

Passive Vibration Isolation 

With any signal measurement, it is desired to have a large signal to noise ratio. 

For vibrational disturbances to the pendulum, the signal to noise ratio can be eas

ily increased by pulsing the pendulum at larger amplitudes. Yet, for the five-wire 

pendulum a trade off is made between the initial induced amplitude of rotation and 
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Figure 7.15: Vibration isolation stack. 

the error associated with the small angle assumption. The pendulum oscillation am

plitude is set to be greater than the noise signal, trading the error due to random 

vibrations with a systematic error of known magnitude due to nonlinearities. The 

errors associated with the small angle assumption can later be corrected if necessary. 

As a result, some degree of vibration isolation is necessary in order to allow small 

rotation angles and a low vibration noise floor. For the five-wire pendulum, passive 

vibration isolation was implemented to reduce the excitation from floor vibration due 

to seismic and human activity. 

A tiered vibration isolation system was designed, Figure 7.15, consisting of an 

optics table, a 2 ft by 3 ft by 4.5 inch thick granite slab, a 2 ft by 3 ft by 2 inch thick 

aluminum optics plate, and a 2 ft by 3 ft by 1/2 inch thick aluminum optics plate. The 

five-wire pendulum foundation and required optics are attached directly to the final 

thin optics plate, such that the entire optics and pendulum assembly move as a single 

entity. A passive vibration isolator is then placed between each tier. At the lowest 

interface between the optics table surface and the granite slab, four 1/4 inch thick 

Sorbothane sheet pads are used for vibration isolation. The Sorbothane material 
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is an excellent isolator for a wide range of frequencies and for the heavy load of the 

granite slab. At the next interface between the granite slab and the thick optics plate, 

four hemispherical rubber isolators are used. The hemispherical isolators provide 

additional low frequency isolation and are chosen to accommodate the mass of the 

supported optics plate and pendulum structure. 

At the final interface between the thick optics plate and the 1/2 inch optics plate 

with the five-wife pendulum, there are several simple hard rubber disks. The disks 

provide little vibration isolation and were used only for additional clearance between 

the layers. The Mounts are kept at the same temperature to allow the use of rubber

like mounts, which tend to have better low frequency vibration suppression. The 

temperature of the isolation mounts is maintained through the use of the PID tem

perature controller on the thick optics plate as discussed in Section 7.1. 

The vibrational noise spectrum at the pendulum platform foundation is shown in 

Figure 7.16. Although the spectrum now indicates an increased level of the peak due 

to human activity at 4 Hz, the high frequency-noise content was reduced. 

Additional Vibration Counter-measures 

In addition to passive vibration isolation, the pendulum response was improved by 

trimming the natural frequency. The oscillation frequency was trimmed by the addi

tion of three 3/4inch diameter 316 stainless steel spherical trim masses, Table B.3, in 

the outermost calibration holes. The trim masses were added in a symmetric fashion 

about the pendulum mass center and reduced the natural frequency from 3.1Hz to 

approximately 2.5 Hz near a local minimum in the vibration spectrum depicted in 

Figure 7.16. The frequency reduction was enough to allow a clean damped sinusoidal 

response for 1000 seconds with an initial amplitude 0.5mrad or less. Relocation of the 

experiment to a laboratory space on the ground floor is expected to provide a more 

effective solution in reducing the influence of vibrational disturbances. A relocation 

of the experiment to the ground floor is therefore recommended. 

In addition to the passive vibration isolation countermeasures, improved results 

were obtained by simply taking measurements when human activity was at a mini

mum. Measurements are primarily performed at night and on the weekends to help 
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Figure 7.16: Pendulum platform vibration noise spectrum. 
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reduce the random vibrations associated with human activity. Human activity causes 

a vibration interaction with the pendulum around the range of 3 Hz to 6 Hz and is the 

source of the peak at 4 Hz seen in the spectrum measurements. The 1AM to 5 AM 

time frame proved to be the best time for running the experiment in order to avoid 

vibrations due to human activity. As a result, software was written to fully automate 

the acquisition procedure. 

The root mean square spectral density of the pendulum response is shown in 

Figure 7.17. The spectrum is the final result after the application of passive vibration 

isolation, addition of trim masses, and temperature control via the PID controller. 

For comparison, Figure 7.18, shows the spectrum with the pendulum placed on the 

assembly mounts (as described in Section 5.3) to restrict the pendulum motion. 

7.3 Air Currents 

Air currents from air conditioning systems or simply from a person walking past 

the apparatus disturb the pendulum and induce oscillation. Disturbances due to air 

currents are reduced by placing the apparatus within an enclosure. The thermal 

enclosure described in Section 7.1 provides adequate isolation from the surrounding 

environment. In addition to air currents disturbing the pendulum, fluctuations in 

the surrounding air affect the grating angular sensor described in Section 5.5.2. As 

air passes through the laser beam path, density variations cause a change in the 

index of refraction, which generates an artificial signal at the sensor. The variation 

due to air currents is observed in the FFT data plots as a wide peak and the exact 

frequency depends on the air velocity. To reduce the affect of air currents, originally 

a small enclosure was placed around the path of the laser beam. Later, when the 

internal thermal chamber described in Section 7.1 was constructed, the laser beam 

enclosure was removed as the internal thermal chamber was found to be adequate for 

eliminating the air currents. 



www.manaraa.com

194 CHAPTER 7. MEASUREMENT ERROR 

Quad L/R spec t r a l dens i ty , [V/V H z 1 / 2 ] 
h-1 

O O O 

*4 
oq 
e. i-i-
CD 

~J 

"73 
C D 
13 

e 
S 

b 
CD 
CO 

o •p 
CD 
i-j 

o o n -

3 
gD 
13 

H 
CD 
CO 

t3 
CD 
O 

M 

BL 
a. 
CD 
S3 
CO 

^ 

r r 

1 

O 
O 
tJ 
(D 

1 • • — • 

o 

H> 
O 

* ] 
H 

O S ID 

| 
to fu 

£ 
(D 
3 

o r t o 
o •• 
00 
1 to 
o • 

^ M 

- o 
c 

i - 1 

oo u i X 
I £» N 
to oo 
Ul 
1 ffi 
O N 

ISJ 
~J 
1 
I - 1 

h-> , 

D. 
pj 
rr 

' — > 

I - 1 

O 
i-

H 1 

O 

i 1 1 I 1 1 1 1 | 1 1 ] 1 1 1 l l | "T 

- • • . • . • : . : . . . : . . ; • . : . : . ; : ; : : . . . . : . . . : . . : . . : . : : : : . : . . . 

- ;...:..:..:.:.:::: :....:...:..:.;.:::: :... 

- l - i - H ^ ; ; ; :•••-:- H - i i ;•.•• 

i 
1

1
1

1
1 

• 

r-r i -Tr i V:l..^, 

::::: :i:: ̂ ^g&f^:::::!::: 

: : : ; : : : - ^ ^ f c__ : : 

H-vvi-^^S^LLi^ 
- .........J^g^.[..:..:.:.:::: 

^ ^ ^ B f W N H M M * - ; 

I K - "' ' I S 
•;• • •'•;"'TTT?I^^BilBBE^. 

I l l 11 | l l l l l i l l | i i i i l i l l | i i l l l i 11 

- < : r \ ~ \ • • ': • T •': ': - \ ^ ~ \ - - - \ - - y : \ ~ ~ i •••• • • • \ - - - - 7 

' :v-rr;:^l--:---:--:--r-:-:: |:--;--; .---;- ' -;-:-:-;r;-: • • • • \ - - y \ - \ [ - v : 

• • : • • : • - i - ; - ^ ; - - • ; - ; • " • ; • ; ; • ; • ; ; • • • ; • • ; - H - i f ; - ; - • • • — - • • -

• : - ^ : - : ; • • • ; • • : • ! • ; ; • ; • ? 

^ r ~ - ; i v - • ' : • • ; • • • ; • T-f-;-;--;-: ;•••:••;•; • ; - i - ! - ; - ! - - - - - ; - - - i - v - - f r ; T 

, . - . . - . . : . ; ; ; . • : . . . : . . : . . : . • . : : . : : . . • . . • • • • ' • • • . • . • . * . • ' • : : , : / • • • _ 

SP~ "TmlHHIIffl 
d t — J ^ — — i 

- i...;..;..;.;.;;;; ;,..;...;..;..;.;;;; 

- : • • " : • • • : • : • • • : • : • : ' : • • • : • • • : • • : • : • : : • • - • • • • 

.;:;.|̂ .;..,...;..,;,.;.";.;,.;., 

•:':•;•;•:" r i l l -r-vrt 

-;::-: i-'-i-ii-n-i 

.................................. 

: • : : • : • : - • • • • ' : • • \ - \ - - - - ~ 

. ; . ; . ; . ; . ; . ; . . . . . . . ; . . . . ; . . ; . ; . : : . ; . • 

• • • ! • : • : • : • : : • • • : • • • • : • : • • : • : 

i i i i i i u l 1 l i i i i i i in i I I I i i 

file:///---/--
file://y:/~~
file://���/----7
file://��/-/----~


www.manaraa.com

x
u

 

si
 

H
 N

 1 > £
l0

"
4 

>,
 

4->
 

-H
 dens 

r-H
 

tf
 

^ j O
 

1
0

"6 

- 
'

•
•

: 
:

•
•

•
:

•
• 

- 
;

•
•

•
;

•
• 

° 
' 

' 
' 

i 
1 

' 
i 

i 
•' 

1 
' 

i 
i 

i 
i 

1 ' 
1 

' 
' 

' 
' 

I
I 

1 

..:.
.:.:

. 
..:.

.;.;
. 

..:.
.:.:

. 

-

, 
, 

, 
1 

i 
i 

i 
1 

l 
1 

| 
| 

| 1
 

1 
1 

-

..:.
.;.:

. 

1 
I 

1 
1 

1 
1 

1 
1 

10
" 

10
 

10
 

10
 

- 
10

 
F

re
q

u
en

cy
, 

[H
z]

 
d

at
a_

sc
o

p
e_

ch
l_

2
0

0
9

_
0

4
_

1
7

_
0

9
4

9
_

4
5

.d
at

 

1
0

' 
10

" 

F
ig

ur
e 

7.
18

: 
R

oo
t 

m
ea

n 
sq

ua
re

 s
pe

ct
ra

l 
de

ns
it

y 
w

it
h 

pe
nd

ul
um

 o
n 

as
se

m
bl

y 
m

ou
nt

s.
 

to
 

O
r 



www.manaraa.com

196 CHAPTER 7. MEASUREMENT ERROR 

7.4 Dynamical Nonlinearity 

For a simple pendulum with length /, it is known that the pendulum period is 

given by T} = 27rw-, where small motion, |0'|-"<< 1, is assumed to linearize the 

equations of motion. The subscript I on the period T is used to denote the period of 

the linearized solution. From Greenwood [25], the pendulum period for the general 

case where the amplitude, 6, is not necessarily small is given by: 

Tm =-4< -K(K) (7.6) 

The subscript nl on the period T is used to denote the period of the nonlinearized 

solution. K(K) is the complete elliptic integral of the first kind with K defined as: 

e„ 
K — sin > (7.7) 

where 0O is the maximum amplitude. By comparing the period for the linear and non-

linearized solutions one finds a simple ratio for establishing the error in the frequency 

associated with assuming small amplitude motion. 

Tni 

Ti 
— = -K{K) 
UJnl / • 7T 

(7.8) 

Using Equation 7.8, one finds the associated change in frequency between the 

linear and nonlinear solution: 

Au = \uni ~Ui\ 

Ul 

wt 
n 1 
2K{K) 

1 (7.9) 

For a maximum amplitude of one degree, the resulting change in frequency is AUJ — 

ui x 1.9 x 10 - 5 . Thus, for a linearized natural frequency, LOI/2TT, on the order of 5 Hz or 

less, the error is on the order of 10 -4 Hz. It is therefore important to ensure the small 
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Figure 7.19: Pendulum response, Quad sensor signal. 

angle assumption has not been violated. Since the amplitude of the motion is recorded 

in the measurement process, it is easy to verify that the small angle assumption is sat

isfied to the first order. A representative pendulum response as recorded by the quad 

photo-diode sensor and normalized by the total laser intensity on the sensor is shown 

in Figure 7.19. Section A.2 provides the calibration between the normalized sensor 

voltage signal and pendulum rotation angle. For the pendulum response shown in 

Figure 7.19, the initial signal amplitude of approximately 0.5 volts/volt indicates the 

pendulum rotation amplitude does not exceed 0.25mrad for atypical measurement 

run. The corresponding difference in the linear and nonlinear solution is therefore 

less than 10~7Hz for a linearized natural frequency, U>I/2TT, on the order of 5 Hz or 

l e s s , . - • ' • ' • 
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Since the system natural frequency is a slight function of the oscillation amplitude, 

it is also important to ensure a consistent initial amplitude for the five-wire torsion 

pendulum. By generating a repeatable pendulum response, a consistent measured 

oscillation frequency will result. As discussed in Section 5.7, a repeatable pendulum 

response is achieved by sending a small electromagnetic disturbance to the pendulum 

platform. The initial oscillation amplitude of the five-wire pendulum for a series of 

measurements as recorded by the quad photo-diode sensor is shown in Figure 7.20. 

The results indicate a mean value of 0.2435 mrad for the pendulum oscillation am

plitude, with a standard deviation of a = 2.0/xrad over 50 measurements during a 

24 hour period. The limitation on the repeatability of the initial oscillation amplitude 

is dominated by the initial steady state condition of the pendulum prior to sending 

the actuation signal. Using the mean oscillation amplitude of 0.2435 mrad ±2(7 for 

the range in-initial oscillation amplitude, the difference in frequency for Figure 7.20 

is less than 10 -9 Hz. Therefore, due to the repeatable actuation system, the variation 

in the measured frequency between measurements is negligible compared to the other 

error sources. 

V. 
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Chapter 8 

Future Work 

8.1 Measurement Apparatus Modifications 

As with any design revision, issues arise from which the designer gains insight into 

the system. During the integration and testing phase, a few issues came to attention 

which should be implemented in future revisions of the five-wire apparatus. The 

following sections describe the issues encountered and suggest possible modifications 

on future apparatus revisions. Table 8.1 summarizes the changes described in the 

following sections and indicates the importance of implementation for future designs. 

It is believed that with the addition of a simple vibration isolation system and a 

vacuum chamber, that the standard deviation on the frequency measurements for the 

five-wire torsion pendulum could easily surpass the level of 2e-6Hz. ^ 

8.1.1 Vacuum Chamber and Temperature Isolation 

There are a number of observed characteristics which indicate that a vacuum 

chamber at a modest vacuum level would improve the performance of the five-wire 

pendulum. The most prominent being the local air stability and temperature varia

tions. For example, as the pendulum is pulsed after a having been at rest since the 

previous night data acquisition run, an immediate drop in temperature is observed. 

The stagnate air within the chamber is disturbed by the motion of the pendulum. 

200 
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Nice to Have Essential 
Lab. Relocation 

Vibration Isolation 
Vacuum Chamber 

Temperature Control 
Grating Orientation 
Wire Angle 

Tilt Reduction 
Object Fixtures 

Table 8.1: Importance of future modifications. 

With the current setup, it is therefore essential to pulse the pendulum at the same 

rate the measurements are to be made to ensure proper stability of the surrounding 

air and temperature. In fact, if the pendulum is pulsed at every 25 minutes dur

ing the nightly data acquisition runs, but the pendulum is pulsed at a different rate 

during the day at every 15 minutes, a change in the temperature will be observed 

during the nightly runs, resulting in a frequency standard deviation change of up to 

le-5Hz. This temperature stability induced by the motion of the pendulum would 

be eliminated by placing the entire apparatus within a vacuum chamber, resulting in 

a more consistent frequency measurement. In addition, better temperature stability 

can be obtained as the vacuum chamber container temperature can be controlled to 

maintain a consistent thermal input to the system.. 

An additional benefit of using a vacuum chamber is the elimination of air currents. 

It is difficult to completely eliminate all air currents in a large sealed volume. Even 

with a proper container to shield the apparatus from air currents induced by human 

activity and air conditioning systems, there will be air currents within the container 

from thermal convection and pendulum motion. 

Lastly, the systematic error from the buoyancy force induced on the pendulum 

platform from the presence of the surrounding atmosphere would be eliminated by 

placing the five-wire pendulum inside a vacuum chamber. Maintaining a constant air 

pressure around the apparatus will aid in producing consistent frequency measure

ments from day to day. 
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8.1.2 Vibration Isolation 

Although the tiered vibration system described in Section 7.2 was adequate for ini

tial results, it is highly recommended that the apparatus be constructed in a location 

with lower vibration noise than the current laboratory. Alternatively, an expensive 

commercial vibration isolation system or the use of a granite table should be reconsid

ered for future precision measurements. As mentioned in Section 7.2, the apparatus 

was moved from the granite table to an alternate optics table in a newly constructed 

building due to lab space availability. The isolation provided by the alternate solution 

was marginally adequate for the operation of the pendulum. A location on the bot

tom floor of the building or a granite table will provide a far superior vibration noise 

level. Compare for example the seismic measurements for the optics table used in 

the experiment, Figure 7.13, with the seismic measurements for the granite table on 

which the apparatus was originally constructed, Figure 7.11 and Figure 7.12. From 

Figure 7.11 it is seen that the granite table provides about an order of magnitude 

better vibration isolation for the frequencies above approximately 6 Hz. Although the 

higher frequencies are above the natural frequency of the pendulum, the harmonics 

of the natural frequency corresponded with the higher undamped frequencies. In ad

dition, the translational frequencies of the pendulum are excited by these vibrational 

frequencies. Use of the granite table for vibration isolation would also eliminate the 

need for the tiered vibration isolation system described in Section 7.2. As mentioned 

in Section 7.1, there is a coupling between the temperature stability of the vibration 

isolation mounts and the stability of the platform level. By removing the isolation 

mounts, the temperature stability effects on the measurements would be reduced con

siderably., In addition, the need to shift the frequency of the pendulum to a lower 

frequency in order to avoid peaks in the vibration spectrum is eliminated and the 

added trim masses may no longer be necessary. 

The natural frequency of the pendulum can be trimmed by the addition of inertia, 

yet the frequency can only be easily reduced, not raised. In addition, when the 

measurement object is placed on the pendulum platform, the oscillation frequency is 

reduced. The pendulum frequency was chosen to be as high as possible in order to 

reduce the wire length and hence the size of the apparatus. When the apparatus was 
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moved to the standard optics table, the lowest frequency noise floor from vibration 

became 6 Hz, which is too close to the pendulum natural frequency for a consistently 

clean response. Therefore, for future revisions, it is recommended that the natural 

frequency be reduced in order to further spectrally separate the pendulum signal from 

the vibrational noise sources. Alternatively, if the high frequency noise is adequately 

suppressed and no prominent low frequency peaks exist, the natural frequency of the 

pendulum can be increased substantially, thereby taking advantage of the 1/f roll off 

for a higher signal to noise ratio. 

8.1.3 Platform Tilt Reduction and Wire Angle 

The orientation of the rotation axis is affected by the level of the pendulum plat

form. By using the pendulum platform assembly mounts described in Section 5.3, 

the pendulum platform is positioned level to the optics plate containing the entire 

five-wire pendulum apparatus. Yet, since the platform hangs from the support struc

ture, the pendulum platform will obtain a level position relative to the gravitational 

vector. The system is leveled by making sure the optics platform is level. The initial 

static level condition is achieved by the use of a simple bubble level. 

The level condition of the optics plate will however change due to a number of error 

sources, including thermal variations and floor/building motion. Due to the five-wire 

design, the pendulum is the least stiff along the positive z'-axis, in the direction from 

the rotation center to the vertical wire support. Refer to Figure 6.5, for a coordinate 

system of the pendulum platform. If the pendulum support structure is rotated in 

a positive sense about the j-axis using the right hand rule, the pendulum platform 

will translate along the positive z'-direction. In the five-wire design, the pendulum 

platform is stiff along the negative z-axis and in both the positive and negative j -

axis. An attempt to rotate the platform support structure about the z-axis results 

primarily in a rotation of the pendulum platform about the vertical fc-axis. Therefore, 

in future pendulum versions, it is suggested to angle the vertical wire slightly inward 

toward the rotation center in order to increase the stiffness along the positive i-axis. 

In addition, since it is known that the direction along the positive i-axis is sensitive 
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to a tilt, the pendulum should be oriented on the support structure accordingly. For 

example, it was found that the optics table on which the pendulum structure was built 

tends to tilt along the short direction of the table. At the time the pendulum was 

constructed, the tilting nature of the optics table was unknown and the i-axis of the 

pendulum platform was oriented along the short direction of the table. In hindsight, 

the pendulum should have been oriented 90 degrees from the current position such 

that the sensitive direction to tilt was not aligned with the short direction of the 

table. 

In general, the actual wire geometry deserves reconsideration for any future five-

wire design. The wire geometry utilized for this work was selected based primarily 

from the promising characteristics exhibited by the original student project design. 

The five-wire geometry produced a pure rotational motion with the translational 

modes shifted to frequencies well above the pendulum rotation frequency. During 

the course of this work, it was found that the asymmetries associated with the wire 

geometry lead to other challenges, such as tilt or differential wire stretch due to 

loading or temperature variations. During the course of this work, an alternative 

wire design was considered, where all the wires were of the same length and oriented 

symmetrically about the pendulum platform. This was Design 3, which was briefly 

noted in Section 5.1. The symmetric wire length reduces differential tension in the 

wires or changes in orientation due to differential wire elongation. Yet during analysis, 

the design proved to inadequately constrain the pendulum translational modes. The 

symmetrical pendulum design exhibited low frequency rocking modes, which were 

on the same order as the desired torsional frequency. Without the proper spectral 

separation, the desired pure rotation could not be achieved with the initial symmetric 

design. Thus, some work should be devoted to investigating other designs with a low 

friction method for producing the pure rotation. Future designs to be considered 

should also include low friction magnetic bearings or air bearings. Still, there are 

applications where the issues associated with the asymmetric wire geometry are not 

a limiting factor in the precision of the desired measurement. The issues associated 

with the asymmetric wire geometry translate primarily into the ability to calibrate the 

pendulum for moment of inertia measurements. Thus, the five-wire torsion pendulum 
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design may be useful for any application requiring a pure rotation about an axis. 

The mass center measurement application for the five-wire pendulum discussed in 

Section 4.4.2 and Section 6.2 is one such example. 

8.1.4 Grating Orientation 

The grating angular sensor described in Section 5.5.2 is only sensitive to trans

lations in the direction of the grating norm. For the assembled configuration of the 

five-wire pendulum, as depicted in Figure 5.26, the grating norm is aligned with the 

radial direction from the rotation center to the vertical support wire. Consistent with 

the coordinate system depicted in Figure 6.5, the grating norm is aligned with the 

i-axis. As mentioned in Section 5.3, the positive z-axis is the direction of the pen

dulum that is least stiff and most susceptible to translations due to pendulum tilt. 

In addition to the translational motion generated by a tilt of the pendulum support 

structure, a similar tilt /translation effect is observed due to temperature changes as 

described in Section 7.1. Thus, in order to reduce sensor error due to pendulum 

translation along the grating norm, the grating should simply be rotated by 90°, 

such that the grating is aligned with a stiff translational direction of the pendulum. 

It should be noted however, that the current grating orientation allows for monitoring 

of the temperature fluctuations by measuring the drift in the quad photo-detector. 

Re-orientation of the grating will no longer allow for this feature. As such, the pro

posed grating re-orientation should be implemented after the addition of improved 

temperature stability or the addition of a vacuum chamber. 

Should a redesign of the grating holder occur, a design which allows two gratings 

to be oriented simultaneously with their respective norms at perpendicular directions 

should also be considered. By using two signals, any noise sources due to the transla

tion of the pendulum could be subtracted out of the science signal. In addition, the 

translation of the pendulum rotation center due to an applied load could then also 

be monitored. 
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8.15 Trim Masses 

Trim masses were added to the pendulum platform near the wire attach points. 

The trim masses have the following functions: 

1. Shift the natural frequency of the pendulum to a desired frequency away from 

vibration noise sources. 

2. Pre-stress the wires at the attach points to prevent a change in signal due to 

asymmetric loading of the calibration spheres. 

3. Shift mass center to the rotation center. 

The trim masses were added primarily to shift the pendulum natural frequency and 

to avoid a change in signal due to asymmetrically loading the platform with the 

calibration spheres. Prior to the machining of the pendulum platform, it was not 

known that large trim masses would be necessary. Only a small trim mass was placed 

on the grating holder to assist in trimming the mass center of the final apparatus. 

In future revisions, there should exist specific holes on the pendulum platform 

for the trim spheres. The trim masses must be added in a symmetric fashion to 

avoid shifting the mass center of the entire apparatus. Currently the trim spheres 

are placed in the outer calibration holes. The required amount of trim mass dictated 

a sphere diameter large enough to prevent the use of the adjacent calibration hole. 

By creating a set of holes devoted solely for the trim masses, it can be ensured that 

the trim masses will not conflict with the calibration procedure or the measurement 

object placement and still provide a symmetric loading of the platform. 

8.1.6. Object Fixtures 

The measurement object fixtures, discussed in Section 5.4, have the dual pur

pose of repeatable object positioning and placement with respect to the pendulum 

platform. For objects with distinguishing geometrical features, the fixtures can be 

designed to kinematically constrain the object's orientation. The fixtures designed 

for the cylindrical shaped object as described in Section 5.4.1 are such a design, where 
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each fixture is designed for a specific object orientation. The difficulty with the cylin

drical fixtures in Section 5.4.1 is that in order to change the orientation of the object, 

the fixture needs to be changed. Even with a repeatable positioning method for the 

fixture to the platform, the configuration change results in an associated measure

ment uncertainty; As discussed in Section 6.1, it is essential to maintain a constant 

mass for the pendulum platform and associated fixtures. If the configuration of the 

platform changes, such as the total mass, or fixture location, the pendulum will re

quire a re-calibration. For the cylindrical fixtures, each time the orientation of the 

object needs to be changed, a new fixture is placed on the pendulum. The con

figuration of the pendulum has therefore changed with the addition and removal of 

fixtures and the pendulum requires re-calibration. The process not only necessitates 

unnecessary measurements, but also introduced additional uncertainty into the final 

measurements. As a result, for kinematic orientation fixtures, it is desired to have 

one fixture for the object and various orientations. 

For the spherical measurement object, with no geometrical distinguishing features, 

the object was marked to allow orientation positioning. As described in Section 5.4.2, 

the polhode paths were used to intelligently position a set of perpendicular great cir

cles on the sphere to be used as a coordinate reference. The coordinate reference 

frame creates the basis for placing additional orientation marks onto the sphere for 

orientation. These additional marks however, need to be placed at well-determined 

angles relative to the coordinate system. For the spheres measured in this work, the 

great circle marking apparatus was used to generate the additional orientation marks 

at 7r/4 increments. These angles have limited accuracy, as the great circle marking 

apparatus was only designed to create two perpendicular great circles. In order to 

generate the additional angle markings, a triangle fixed at 7r/4 radians was placed onto 

the apparatus. The location of the 7r/4 marks was adequate for this work, as the abil

ity to position the spherical object with the visible laser beam has a larger error than 

the ability to place the 7r/4 marks. For future measurements, it is suggested to de

sign a more accurate method for marking spherical shaped objects at pre-determined 

angles relative to the great circle markings. More accurate markings on the sphere 

will increase the overall accuracy of the moment of inertia measurements. 
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8.1.7 Continuous Feedback Drive 

Due to damping in the system, the pendulum will exhibit a damped sinusoidal 

response. The pendulum was specifically designed with a higher stiffness than typical 

single wire torsion pendulums, such that small disturbances such as local gravitational 

mass attraction effects do not affect the pendulum response. The result is however a 

limited data length from a single pendulum pulse. This in turn limits the precision 

on utilizing an FFT for data reduction, as the frequency determination will be bin 

width limited. 

It may be useful to investigate the advantages of performing frequency extraction 

via an FFT of longer data acquisition runs. One way to increase the amount of time 

for a useful signal to noise ratio measurement is to overcome the damping effects by 

continuously providing additional energy to the pendulum via the excitation coils. 

The pendulum oscillation amplitude will thereby be maintained. Feedback from the 

pendulum position will be necessary, as a periodic pulse generated at regular intervals 

will cause a discontinuity in the response. A simple analog controller implemented 

using op-amp circuity is sufficient for a continuous feedback driven system. In fact, 

only a proportional controller is necessary to utilize the position feedback signal from 

either the PSD or quad sensor. 

With a continuous feedback analog controller in place, a little consideration must 

be given to the actual phase of the pendulum response at which the proportional 

controller provides the signal. If only a proportional controller is used from the 

pendulum position response, the result would be a sinusoid matching the pendulum 

response, with the maximum signal applied at the maximum rotational displacement 

of the pendulum. This configuration however is not ideal, as the direction of the 

current in the excitation coils would need to be switched at the maximum rotation 

position of the pendulum. Issues with timing on the transition could disturb the 

pendulum response. This intuitively is similar to pre-ignition or detonation within 

four cycle combustion engines where an excitation to the system occurs prior to the 

reversal of the piston direction. 

A better solution is therefore to shift the phase of the feedback signal by n/2, 

such that the excitation signal is zero at maximum rotation amplitude and a max at 
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the zero crossing of the pendulum. A proportional signal applied near the maximum 

velocity should also have a minimal affect on the pendulum response. Although a 

phase shifting circuit could be implemented in analog hardware, a more appropriate 

solution is to use the pendulum velocity as the signal for a continuous feedback 

controller. The pendulum velocity signal is simply the position signal shifted by n/2. 

Without the pendulum velocity directly available, the derivative of the pendulum 

position is necessary, which again is easily obtained via analog op-amp circuitry. The 

signal can then be fed into the proportional feedback controller. 

8.2 Recommended Future Research 

8.2.1 Mass Center Measurement 

In Section 4.4.2 it was shown that a torsion pendulum can be used for determining 

the mass center offset from the geometric center. Section 6.2 further showed initial 

proof of concept measurement results for the mass center offset. There were two 

issues with the initial mass center measurement results: 

1. Measurements should be performed for multiple configurations. 

2. Pendulum calibration in mass center measurement configuration is required. 

The first item is easily solved by simply repeating the frequency measurements for 

different orientations of the measurement object within the rotation plane as described 

in Figure 4.2. There are no distinguishing features for orienting the spherical shaped 

measurement object. Thus, in order to orient the measurement object at specified 

orientations, an apparatus for accurately marking the desired orientations is necessary. 

This is the same issue as described in Section 8.1.6 and should be a simple task. 

The second item deals with the pendulum calibration routine. Clearly, the ab

solute accuracy of the measurements are limited by the calibration routine. For a 

proper measurement, the calibration routine should be repeated for the measurement 

object in place on the pendulum platform. In so doing, any shift in the pendulum 
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rotation center location, or any change in the direction of the rotation axis is ac

counted for. In addition, in order to reduce any shift of the rotation center from the 

nominal location, the pendulum requires a counter balance for measurement object. 

Since the pendulum was not initially designed for mass center measurements, there 

is no symmetric location about the rotation center for adding a counter balance. A 

future pendulum platform for use in mass center measurements should contain two 

mounting locations for mass center measurements, located symmetrically about the 

rotation center. A sphere of similar mass can then be placed in the other mounting 

location, with a fixed orientation throughout the measurements. For the current wire 

configuration, it is suggested that the additional mass center mounting holes be a 

mirror of the current configuration, to ensure proper loading of the wires. 

8.2.2 Satellite Design for Mass Attraction 

In order to meet challenging drag-free satellite design requirements for a min

imized contribution to the drag-free performance from mass attraction effects, it is 

important to begin early with the initial satellite design. During the layout of satellite 

components and early satellite design, it is essential to have an engineer present with 

basic knowledge of gravitational mass attraction effects. Although this work does not 

go into detailof the actual satellite design process for minimizing the gravitational 

attraction force and gradient, there are a number of points which are beneficial to 

understand. 

First it is clear that separation distance is the simplest method for reducing grav

itational attraction effects. The first drag-free satellite Triad-1/DISCOS reduced the 

influence of gravitational mass attraction effects by moving the disturbance compen

sation system to the center of a long boom, thereby increasing the separation distance 

from the drag-free proof mass and the majority of the satellite components, while re

taining a gravity gradient stabilization for the spacecraft. Where the use of a boom 

is not practical or feasible, the same concept still holds. It is beneficial to move those 

components which are expected to have a large contribution to the mass attraction 

uncertainty to locations far from the drag-free proof mass. 
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In addition, symmetry is the friend of an engineer working with gravitational mass 

attraction. Clearly, the symmetrical placement of similar components relative to the 

drag-free reference will help to reduce the overall static gravitational attraction force 

on the test mass and reduce the amount of mass required in the form of trim masses. 

In addition, on a component level it is beneficial to produce components which exhibit 

symmetry with respect to the mass distribution. Recall for instance the observations 

made in Section 3.6 and in Section 3.10. In Section 3.10 it was shown that a cube 

and a sphere exhibit similar gravitational attraction effects through a third order 

expansion. The similar characteristics were a result of the cube having identical 

principal moments of inertia similar to that of a perfect sphere. In Section 3.6 it was 

also shown that higher order expansion terms equate to zero for objects with identical 

principal moments of inertia. Thus, in order to approximate the attraction effects of 

a distributed body with a point mass, the error associated with such an idealized 

assumption is reduced when the distributed body is symmetrical. In addition, if the 

object exhibits a plane of symmetry such that only two of the principal moments 

of inertia are similar, then the gravitational attraction affects my be reduced by 

intelligently choosing the orientation of the component. 

The use of regular geometric shapes was also used for the gravitational mass at

traction analysis of Triad-1/DISCOS [22]. Although the mass attraction analysis for 

DISCOS utilized geometric shapes simply for the theoretical calculation of the attrac

tion force and gradient, it should be noted that certain geometrical shapes also exhibit 

gravitational attraction properties which are beneficial to the satellite designer. As 

shown by Fleming et. al [22], there are a number of geometries which have in specific 

directions either zero force or gradient contributions to the gravitational attraction 

analysis. These objects include for example spherical shells, plano-convex spherical 

sections and cylinders. Of special note is a toroid geometry or a homogeneous spher

ical shell. Such geometries are quite useful for time varying mass quantities, such as 

propellant tanks. There exists a location at the center of the toroid where the gradi

ent of the attraction force is identically zero. For a perfectly homogeneous spherical 

shell, any location within the shell has a zero contribution to the force and gradient. 

A toroidal shape is a more practical solution, but achieving an even distribution of 
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the propellant within the tank is another challenging task. Indeed, Triad-1/DISCOS 

utilized toroidal shaped propellant tanks, which were placed symmetrically about the 

proof mass [15], [22]. 
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Final Remarks 

Gravitational mass attraction property prediction for drag-free satellite design has 

historically utilized theoretical calculations based on ideal mass properties. Typically 

the attraction calculation additionally assumes the drag-free reference mass can be 

represented by a single point mass. Such assumptions are unacceptable for future 

precision drag-free satellite missions. Chapter 3 therefore provided the equations for 

determining the gravitational mass attraction between two general distributed bodies. 

The developed equations also generate a foundation for including mass property mea

surements into the mass attraction calculation. This work for the first time provides 

a complete procedure for incorporating physical measurements into the mass attrac

tion calculations, such that the assumed ideal geometry and density distribution for 

components are included in the mass attraction computations. 

Precision mass property measurements are clearly essential in drag-free satellite 

design for a number of reasons. Chapter 5 therefore provided the design for a five-wire 

torsion pendulum. The apparatus was primarily designed for measuring the moments 

of inertia and was also shown to provide mass center measurements. As shown by 

the experimental results in Chapter 6, the designed torsion pendulum is capable of 

precision mass property measurements. Measurement results from the prototype tor

sion pendulum apparatus matched state of the art moment of inertia measurements. 

For the mass center measurements, the results were better than typical mass center 

213 
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measurement devices. Section 6.3 provided precision moment of inertia measure

ments of prospective drag-free reference mass geometries. These measurements not 

only verify the mass properties to ensure proper shifting of the polhode frequency 

out of the science band as needed for missions such as LISA, but are also essential 

to the gravitational mass attraction disturbance budget calculation. In order to aid 

in improving on the five-wire pendulum design for future applications, measurement 

error sources for the five-wire pendulum were presented in Chapter 7. In addition, 

insight into current limitations and future proposed modifications to the pendulum 

design is described in Chapter 8. Future work to suppress laboratory environmental 

disturbances are expected to make the measurement apparatus capable of exceeding 

state of the art moment of inertia measurements by approximately an order of mag

nitude. The prototype five-wire pendulum apparatus was not primarily designed for 

mass center measurements. Still, application of the pendulum to mass center mea

surements exhibited promising potential. With minor modifications to the pendulum 

platform or with a similar five-wire design, the five-wire torsion pendulum may be 

capable of achieving state of the art mass center measurement levels. Some insight 

into the necessary steps for improving the five-wire pendulum design fo£ mass center 

measurements was presented in Chapter 8. 

By combining the methods developed in this work for gravitational mass attrac

tion calculations, Part I, and the precision mass property measurements using the 

five-wire torsion pendulum, Part II, a complete solution for analyzing the mass at

traction properties of high-performance drag-free satellites is established. Although 

a detailed computation of the gravitational mass attraction properties for an entire 

satellite were out of the scope of this work, the methods presented in this work will 

enable the detailed analyses required for high-performance drag-free satellites. The 

techniques presented in this work provide a solution to one of the challenges associated 

with achieving the demanding drag-free performance levels necessary for gravitational 

wave observatories such as LISA. First, the incorporation of measured mass proper

ties into the mass attraction calculations will provide a result which incorporates 

unknown density inhomogeneities and variations in geometry. The analysis is no 

longer a purely theoretical model requiring additional verification by measurements, 
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but rather the analysis is an indirect measurement of the mass attraction forces and 

gradients. Secondly, provided the mass properties of satellite components have not 

changed, the described method allows for repeated analyses of the attraction proper

ties for the entire satellite as component locations or orientations are altered during 

the design process. Once the mass properties of a satellite component are established 

and tabulated, the mass attraction properties may be simply updated for satellite 

configuration changes. Finally, by reducing the overall uncertainty associated with 

the satellite mass attraction properties, the contribution to the overall satellite drag-

free performance budget may be reduced further. The total drag-free performance 

level is a combination of all the disturbances acting on the drag-free reference mass. 

Thus, by reducing the uncertainty in the mass attraction contribution to the overall 

drag-free performance, other challenging disturbance requirements may be relaxed,; 

which otherwise may not have been reduced to required levels in order to satisfy 

mission requirements. 
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Appendix A 

Additional Information 

A.l Tetrahedron Volume Moments 

For completeness, the volume moments through the second order of a tetrahedron 

are stated here. Refer to Sheynin [49] and Tuzikov [66] for a full derivation of the 

tetrahedron volume moment calculation formula, Equation 3.13. A tetrahedron is 

defined with one vertex at the origin. Each of the other three vertexes are denned 

by coordinate points a, b, c, and the matrix A is defined to be the coordinates of the 

vertexes such that A = [a,fe, c]. The volume moments for the tetrahedron are given 

by [49]: 

M0,0,t)= gdetJl 

.Mififi = 24 d e t A ( a i + bl t ci) 

Moxo = — det A (a2 + b2 + c2) 

Afo,o,i = 2-^-deti4(a3.+ 63 + C3) 

216 
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M2i0,o '= gjj det A (a\ + b\ + c\ + ai&i + a±Ci + b^) 

M0,2,o = — det A (a | + 62 + c\ + a2b2 + a2c2 + b2c2) 

M0,0,2 = — det A (aj + bj + c\ + a3b3 + a3c3 + b3c3) 

, r -. , . A , , , , , ai62 + aiC2 + feiC2 + a26i + a2Ci + 62Ci' 
M,i,o = 77: det A aia2 + Oi02 + cxc2 + 110 = —'det A I c 

" 60 V 
ai&3 

«2^3 

2 
+ aic3 + bic3 + a3bi + a3ci d- fe3ci 

2 

+ a2c3 + 62c3 + a3b2 + a3c2 + b3c2 

Mifi,i — '^r det A Laia3 + bxb3 + C1C3 + 

^1,0,1 = — det A f a2a3 + b2̂ 3 + c2c3 + 

A.2 Grating Angular Sensor Calibration 

In order to extract the time history of oscillation for the five-wire pendulum, it is 

not necessary to know the exact translation between the sensor signal and a rotation 

angle. Yet for the five-wire pendulum, a small angle assumption is made to simplify 

the dynamics. As such, a calibration of the sensor voltage signal to the rotation angle 

is desired to ensure the assumption of a small rotation angle has not been violated. 

The grating angular sensor described in Section 5.5.2 is composed of a quad photo 

detector and a position sensitive diode. Both of the sensors are calibrated using the 

same procedure. The sensors are calibrated by using an optics micrometer stage. 

Contact between the micrometer stage and the pendulum platform is established at 

the vertical wire attachment by a simple round Allen head fastener as depicted in 

Figure A. 1. As the micrometer stage is translated, a corresponding rotation of the 

pendulum platform is achieved. Using a small angle assumption, the translation dis

tance of the micrometer stage is related by Ax = rA9, where r is the distance from 

the rotation center to the point of contact, x, the amount of translation produced by 

the micrometer stage, and 9 the amount of pendulum rotation in radians. The result

ing sensor signal is recorded for the quad photo detector and the position sensitive 

diode. A value of r = 96 mm was used for the distance to the point of contact from 
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Figure A.l: Pendulum platform setup for sensor calibration. 

the rotation center. For the quad photo detector, the resulting left/right position is 

also normalized by the detector total intensity in order to reduce errors due to laser 

fluctuations or from the laser beam leaving the detector surface area. Since the PSD 

was only a secondary sensor, the signal was not normalized by the total intensity 

during the measurement runs. Refer to Figure A.2 and Figure A.3 for the position 

sensitive diode and quad photo detector calibration curves respectively. 

Each sensor is mounted on a micrometer stage for proper alignment with the 

incoming laser beam. The position sensitive diode is located on a single axis microm

eter stage for translation along the length of the sensor. The quad photo detector is 

positioned on a two-axis micrometer stage for adjustment both in the horizontal and 

vertical directions. Note that the null position of each sensor is controlled through 

the positioning of the micrometer stage. As such, only the slope of the calibration 

curves is of interest. 
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Mechanical 

B.l Mechanical Drawings 

The mechanical drawings presented here are not intended to be fully complete for 

a machinist to manufacture the parts. These drawings rather present a number of the 

important features and dimensions associated with the parts. The majority of the 

parts were produced on a computer numerical control (CNC) mill and were generated 

by an expert (one of the best you can find) research and development model maker. 

The parts were produced using either a Lagun 310 CNC 3-Axis Mill or a Tree 310 

CNC 3-Axis Mill. Each CNC was coupled with a Heidenhain Control. A Handsvedt 

Sinker EDM was used to cut the 0.015 inch (0.381mm) slot in each wire mount to 

create the wire clamp feature (Figures 5.10, B.4 and B.5 ). Simple parts such as the 

pendulum platform assembly mounts or the first generation proof of concept grating 

angular sensor parts (not pictured here) were created by hand on a Bridgeport Series 1 

milling machine. The estimated machining time for each of the components is listed 

in Table B.l. 

Special thanks to Emmett Quigley, Evan Jackson, Dave Mayer and Stevan Spremo 

for their help in making the designed parts a reality. In addition, their valued com

ments had an influence on some of the final design details, especially for making 

the final product into one which could be machined and still function as originally 

intended. 
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Component 
Pendulum Platform 
Angled Wire Mount (Pair) 

Part 
EDM of Wire Clamp Slot 

Vertical Wire Mount 
Part 
EDM of Wire Clamp Slot 

Grating Mount Top 
Grating Mount Bottom 
Sphere Mount Fixture 
Platform Assembly Mount (Three) 

Hours 
25 

20 
8 

10 
5 
6 
10 
10 
12 

Figure 
B.l, B.2, B.3 

B.4 

B.5 

B.6 
B.7 
B.8 
B.9 

Table B.l: Estimated machining time for pendulum components. 
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Figure B.2: Mechanical Drawing: Pendulum platform, mounting fixture holes. 
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/Along 135 deg radial 
I20deg radial 

All Dimensions in Inches 

Figure B.3: Mechanical Drawing: Pendulum platform, calibration holes. 
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Figure B.5: Mechanical Drawing: Pendulum vertical wire mount. 
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Figure B.7: Mechanical Drawing: Grating and magnet mount bottom part. 
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Figure B.8: Mechanical Drawing: Sphere mounting fixture. 
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Figure B.9: Mechanical Drawing: Pendulum platform assembly mount. 
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B.2 Measurement Apparatus Parameters 

Parameter 

Pendulum Inertia 
Pendulum Mass 
Sphere Mount Mass 

Characteristic Wire Length 
Vertical Wire Length 
Short Wire Length 
Long Wire Length 

-. Wire Attach Point Radius 

V 
mp 

ms 

L0 

U 
L2 

Lz 

r 

Value 

398.3 kg-mm2 

124.08 g 
11.73g 

114.3 mm 
114.3 mm 
76.2 mm 
304.8 mm 

101.6 mm 

Notes 

Solid Works Estimate 
Measured, Assembled 
Measured 

Design value: 4.5 inches 
Design value: 4.5 inches 
Design value: 3.0 inches 
Design value: 12.0 inches 

Design value: 4.0 inches 

Radius to Mass Center Mount R 74.9 mm Design value: 2.95 inches 

Hole Set 1 Radius 
Hole Set 2 Radius 
Hole Set 3 Radius 
Hole Set 4 Radius 
Hole Set 5 Radius 
Hole Set 6 Radius 

3/8 inch Cal. Sphere Mass 
7/16 inch Cal. Sphere Mass 
1/2 inch Cal. Sphere 
3/4 inch Cal. Sphere 

Mass 
Mass 

HS1 
HS2 
HS3 
HS4 
HS5 
HS6 

mh 

mb 

mb 

mb 

36.8 mm 
44.5 mm 
54.6 mm 
64.8 mm 
74.9 mm 
85.1mm 

3.61 g 
5.63g 
8.39 g 
28.19 g 

Design value: 
Design value: 
Design value: 
Design value: 
Design value: 
Design value: 

Measured 
Measured 
Measured 
Measured 

1.45 inches 
1.75 inches 
2.15 inches 
2.55 inches 
2.95 inches 
3.35 inches 

Table B.2: Measurement apparatus parameters. 
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B.3 Bill of Materials 

Item 

Ball Bearing 

Ball Bearing 

Ball Bearing 

Ball Bearing 

Description 
Diameter 3/8 in. 
Sphericity 0.0001 in. 
316 Stainless 

Diameter 7/16 in. 
Sphericity 0.0001 in. 
316 Stainless 

Diameter 1/2 in. 
Sphericity 0.0001 in. 
316 Stainless 

Diameter 3/4 in. 
Sphericity 0.0001 in. 
316 Stainless 

Qty 

3 

3 

3 

3 

Part Number 

McMaster: 96415K77 

McMaster: 96415K78 

McMaster: 96415K79 

McMaster: 96415K81 

Table B.3: Bill of Materials: Calibration and Trim Mass Spheres. 



www.manaraa.com

APPENDIX B. MECHANICAL 

Item 

Straightened 
Wire 

Straightened 
Wire 

Straightened 
Wire 

Hypodermic 
Tubing 

Hypodermic 
Tubing 

Hypodermic 
Tubing 

Hypodermic 
Tubing 

Hypodermic 
Tubing 

Description 
Diameter: 0.005 in. 

304 Stainless 
Tungsten 

Diameter: 0.010 in. 
304 Stainless 
Tungsten 

Diameter: 0.013 in. 
304 Stainless 
Tungsten 

I.D. 0.00625 in. 
O.D. 0.01225 in. 
304 Stainless 

I.D. 0.00725 in. 
O.D. 0.01425 in. 
304 Stainless 

I.D. 0.01225 in. 
O.D. 0.02225 in. 
304 Stainless 

I.D. 0.013 in. 
O.D. 0.025 in. 
304 Stainless 

I.D. 0.01625 in. 
O.D. 0.02825 in. 
304 Stainless 

Qty 

l 
5 

1 
5 

1 
5 

5 

5 

5 

5 

5 

Part Number 

SmallParts: GWX-0050-30-05 
SmallParts: TW-005-30 

SmallParts: GWX-0100-30-05 
SmallParts: TW-010-30 

SmallParts: GWX-0130-30-05 
SmallParts: TW-013-30 

SmallParts: HTX-30R-06-05 

SmallParts: HTX-28R-06-05 

SmallParts: HTX-24R-06-05 

SmallParts: HTX-23R-06-05 

SmallParts: HTX-22R-06-05 

Table B.4: Bill of Materials: Support Wires. 
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Item 

Dowel Pin 

Spring Pin 

Cap Screw 

Hex Screw 

Hex Screw 

Set Screw 

Round Spacer 

Pin Vise 

Description 
1/32 in. Diameter 
Length 1/4 in. 
18-8 Stainless 

1/16 in. Diameter 
3/8 in. Length 
18-8 Stainless 

#4-40 
Flat Head Hex Socket 
Length 3/8 in. 
316 Stainless 

#0-80 
Length 1/8 in. 
316 Stainless 

#4-40 ' 
Length 3/8 in. 
316 Stainless 

#2-56, 
Length 1/4 in. 
316 Stainless 

1/4 in. O.D. 
I.D. for # 4 Screw 
7/32 in. Length 
18-8 Stainless 

Single End 
0 in. to 0.055 in. 
5/16 in. Diameter 

Qty 

6 

2 

5 

5 

1 

1 

1 

5 

Part Number 

McMaster: 90145A312 

McMaster: 92373A107 

McMaster: 90585A202 

McMaster: 92200A052 

McMaster: 92185A108 

McMaster: 92313A022 

McMaster: 92320A034 

McMaster: 8455A16 

Table B.5: Bill of Materials: Fasteners. 
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Item 

NPRO Laser 

Grating 

Optics Post 

Optics Post 

Optics Mount 

Optics Mount 

Optics Mount 

Mirror 

Mirror Mount 

Riser Plate 

Riser Plate 

Riser Plate 

Riser Plate 

Position Sensitive Diode 

Quadrant Photodiode 

Translation Stage 

90-deg Mount 

Description 

1064 nm wavelength 

1200 lines/mm 
1000 nm wavelength 
12.7 mm square 

7 in., Stainless Steel 
1/4-20 Thread 

3 in., Stainless Steel 
1/4-20 Thread 

2 in. Pedestal 

Clamping Fork 

Sliding Base Clamp 

Silver Coated Mirror 

Corner Mount 

4 in. x 4 in. x 0.25 in. 

4 in. x 4 in. x 0.5 in. 

10 in. x 6 in. x 0.5 in. 

10 in. x 6 in. x 0.5 in. 

One-Dimensional PSD 

Large Area Silicon 
Detector, 3/8 in. Diam. 

Qty 

l 

1 

6 

3 

2 

3 

2 

2 

2 

3 

1 

1 

2 

1 

1 

1 

1 

Part Number 
Lightwave 
Electronics: 120-03A 

Edmund Optics: 
NT43-851 

Newport: P-7 

Newport: P-3 

New Focus: RS2P 

ThorLabs: CF125 

Newport: SB-TPS 

New Focus: 5103 

New Focus: 9809 

Newport: MRP4-0.25 

Newport: MRP4-0.5 

Newport: 290-TP 

Newport: 290-BP 

On-Trak: 1L10 

Pacific Sensor 

Newport: 423 Series 

Newport: 360-90 

Table B.6: Bill of Materials: Optics 
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Appendix C 

Electrical 

C.l Instrumentation 

Instrumentation 

GPIB PCI Card 
Oscilloscope 
Function Generator 
Digital Multimeter 
Triple Output Power Supply 
DC Power Supply 
Digital Temperature Monitor 
Universal Frequency Counter 
Dynamic Signal'Analyzer 

Model Number 
Agilent 82350B 
Texktronix TDS5054B 
Agilent 3320A 
Agilent 34401A 
Agilent E3631 
HP 6038A 
Omega 747 
HP 53132A 
HP3562A 

Table C.l: Experimental apparatus instrumentation. 
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238 APPENDIX C. ELECTRICAL 

C.2 Schematics 

Figure C.l: Schematic: Pendulum coil driver. 
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VEE-15 

Figure C.2: Schematic: Position sensitive diode. 
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Low-Pass F i l t e r s Summation OpAmps Difference OpAsps 

Quad Diode Package 

Figure C.3: Schematic: Quadrant photodiode, autocollimator. 
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Appendix D 

Software 

The software used for this project falls into two categories: 

1. Software to perform the double Taylor method for gravitational mass attraction. 

2. Software to automate the five-wire pendulum and measurements. 

The software for the double Taylor method was written using Fortran 90. Early 

versions utilized both MPI and OpenMP for parallel computing methods. The final 

version utilized only OpenMP calls. The software was primarily used to verify the 

double Taylor method and to investigate the contribution due to higher order terms 

in the expansion. 

The software created for the five-wire pendulum operation was written in python 

and was designed to have a modular fashion. For each GPIB device used in the in

strumentation setup as listed in Table C.l, a python module was created to perform 

common GPIB commands to the instrument. The modules could then be used to 

operate each device. These building blocks were used to automate the measurement 

procedure and data acquisition. Automated measurements could then be performed 

remotely or by using a time-based job scheduler, allowing middle of the night mea

surements to avoid disturbances due to human activity. The software modules are 

available from the author and are released by the author under the GNU Public 

License. The modules were designed to use the gpib-linux package. 
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Measurement Data 
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N 

2.550 

2.545 

2.540 

2,535 

2008-ll-09_HSl to 
2008-11-14 H4 2 3 

u 2.530H 
Q) 

&2.525 
0) 

u 
fc 2.520 

2 . 5 1 5 

2 . 5 1 

- — - • -1 • 

HS2 i 

ft H 
HS3 

i , ... 

• — 

1 - 11-12 

• • .• 

1-8-9 

7-

4 - 1 1 - 1 2 

7 - 1 1 - 1 2 

- • ' • ' • ! • -

« 
HS1 : s 
: 4 - 3 - 2 

: l - 6 - 1 3 

-2 -12 •; 

7 - 5 - 1 2 

: HS4 

0 9 / 2 8 1 0 / 0 5 10 /12 1 0 / 1 9 10 /26 11 /02 11 /09 11 /16 
GMT 

Conflg Frequency 
[Hz] xlO-5 [Hz] 

# Measurements 

HS1 
HS2 
HS3 
HS4 

1-11-12 
4-11-12 
7-11-12 

1-8-9 
7-2-12 
7-5-12 
1-6-11 
4-3-2 

2.547 314 
2.538 104 
2.525 208 
2.510 835 
2.521 920 
2.519 232 
2.514 887 
2.532 219 
2.526 860 
2.524 237 
2.531 761 
2.543 671 

0.4 
0.7 
2.3 
3.7 
1.0 
2.8 
0.5 
2.3 
0.7 
3.2 
2.1 
0.5 

12 
22 
23 
42 
44 
155 
31 
88 
32 
77 
42 
12 

Table E.l: Measurement Data for Pendulum Calibration with Sphere Mount. The 
measurements were performed with the sphere mount in the nominal center location 
and with the 3/4 inch trim mass spheres in hole set 6. 
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3.95 

3.94 

N 
X 

" 3.93 
>i o 
<o . 

u 

3,91 

3.90 

2009-03-ll_2Part6_C9_HS2 t o 
2009-03-18_2Part6_C9_Hl_6_ll 

HS2 
-8 -9 

1-11-12 

HS4 

4-11-12 

7-2-12 

1 - 6-11 

5-12: 

03/12 03/14 03/16 
GMT 

03/18 03/20 

Config Frequency 
[Hz] 

<T 

xlO-5 [Hz] 
# Measurements 

HS2 
HS4 

1-11-12 

4-11-12 
1-8-9 
7-2-12 
7-5-12 

1-6-11 

3.940 983 
3.901 397 
3.918 799 
3.914 960 
3.932 824 

3.925 108 
3.921 516 

3.931 587 

2.04 
1.67 

1.40 
1.10 
1.13 
1.76 
2.06 

2.38 

48 
38 
33 
45 
28 
37 
41 
34 

Table E.2: Measurement Data for Pendulum Calibration with Measurement Object. 
The preferred principal axis of inertia sphere number six was on the pendulum plat
form in orientation configuration nine. The measurements were performed with the 
sphere mount in the nominal center location and with the 3/4 inch trim mass spheres 
in hole set 6. 
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3.960 

3.955 

2009-01-13_HSl_2Part l_Configl 
2009-01-22_HSl_2Partl_Config9 

t o 

N 

X 
" 3.950 
u 
a 

'§r3.945 

u 

3.940 

3.9 of/i 

CI 
C6 c 8 C9 

C2 

C4 
C5 

C3 
C7 

01/18 
GMT 

01/25 

Config Frequency 
_ [ H z ] xlQ-5 [Hz] 

# Measurements 

1—
1 

2 
3 
4 
5 
6 
7 
8 
9 

3.954 899 
3.953 273 
3.940 309 
3.947 950 
3.948 968 
3.956 053 

3.939 028 
3.955 566 

3.956 146 

3.08 
2.82 
2.36 

1.39 
1.71 
0.96 
2.14 

2.43 
2.54 

68 
30 
49 
18 
50 
30 
39 
30 
62 

Table E.3: Measurement Data for 2-Part Sphere Number 1. The frequency mea
surements are for the combined pendulum platform with sphere fixture, 3/8 inch 
calibration sphere in hole set 1, and the 3/4 inch trim mass spheres in hole set 6. 
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3.950 

3.945 

2009-04-29_2Part3_Configl t o 
2009-'05-07_2Part3_Config9 

3.940 

u 
c 

g 3. 935 

3.930 

3.92 

1 

" ".:•' "CI 

i i 

C2 

1 

C3 
C4 • C 5 ' • 

• 

i 

; c7 

TIT.; 

C8 

i 

04/29 05/01 05/03 05/05 05/07 05/09 
GMT 

Config Frequency 
[Hz] xlO-5 Hz] 

# Measurements 

1 
2 
3 
4 
5 
6 
7 
8 
9 

3.946 251 
3.925 280 
3.944 020 

3.945 304 
3.946 053 
3.927 950 
3.942 009 
3.934 799 

3.935 871 

2.37 
3.43 
1.49 

0.98 
1.36 
1.36 
1.11 

1.29 
1.77 

62 
23 
28 
19 
30 
33 
29 
24 
25 

Table E.4: Measurement Data for 2-Part Sphere Number 3. The frequency mea
surements are for the combined pendulum platform with sphere fixture, 3/8 inch 
calibration sphere in hole set 1, and the 3/4 inch trim mass spheres in hole set 6. 
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3.950 

3.945 

X 

> i 
U 

0) 

3 .940 

g 3.935k 

3.930 

3 .925 

CI 

05/09 

2009-05-08_2Part4_Configl t o 
2009-05-15_2Part4_Config8 

C2 

C3 

C4 

C5 

C6 

C7 
G8 

05/11 05/13 
GMT 

05/15 05/17 

Config Frequency 
THzl xlO"5 [Hz] 

# Measurements 

1 
2 
3 
4 
5 
6 
7 
8 

3.946 877 
3.940 950 

3.930 441 
3.938 174 
3.940 376 
3.926 106 

3.945 572 
3.943 858 

1.24 
1.22 

1.40 
0.96 
1.87 
1.74 
1.41 

1.34 

29 
30 
31 
28 
33 
26 
25 
30 

Table E.5: Measurement Data for 2-Part Sphere Number 4. The frequency mea
surements are for the combined pendulum platform with sphere fixture, 3/8 inch 
calibration sphere in hole set 1, and the 3/4 inch trim mass spheres in hole set 6. 
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3.955 

3.950 

2008-12-01_HSl_2PartSphere6_Configl to 
2008-12-26_HSl_2PartSphere6_Config9_GMT 

N 

" 3.945 

u 
<u 
2 , 3 . 9 4 0 
(U 

u 

3.935 

3.930 
11/30 

Config 

CI 

S B 
. . C2 

M mm mmam 
C2 

• 

~ mm 

C4 

C3 

C6 

C8 « " 
m C9 
C5 

C7 

12/07 12/14 
GMT 

12/21 12/28 

Frequency 
. [Hz] 

a 
xl(T 5 [Hz] 

# Measurements 

1 
2 
3 
4 
5 
6 
7. 
8 
9 

3.954 257 
3.947 062 
3.939 457 
3.946 357 
3.947 610 
3.953 920 
3.932 671 
3.951 166 
3.949 759 

2.58 
4.64 
3.97 
1.81 
3.18 
3.34 
3.83 
1.65 
1.73 

36 
237 
150 
26 
80 
51 
85 
46 
25 

Table E.6: Measurement Data for 2-Part Sphere Number 6. The frequency mea
surements are for the combined pendulum platform with sphere fixture, 3/8 inch 
calibration sphere in hole set 1, and the 3/4 inch trim mass spheres in hole set 6. 
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3.975 

3.970 

a 3.965 

u3.960 
a) 
& 

2008-12-27_HSl_3PartSphere_Configl_GMT to 
2009-01-07_HSl_3PartSphere_Config9_GMT 

a} 3 .955 

3 .950 

3 . 9 4 5 

C2 C3 C6' C7 

C5 C5 

C4 

CI 

1 2 / 2 8 01 /04 
GMT 

0 1 / 1 1 

Config Frequency 
[Hz] 

a 
xlO-5 [Hz] 

# Measurements 

1 
2 
3 
4 
5 
6 
7. 
8 
9 

3.949 831 
3.971 542 
3.971 397 

3.958 421 
3.963 067 

3.971 301 
3.971 121 
3.959 518 
3.961 444 

1.86 
1.74 

2.37 
2.74 

1.10 

2.81 
1.86 
2.75 
1.77 

34 
37 
33 
17 
28 
27 
14 
57 
28 

Table E.7: Measurement Data for 3-Part Sphere Number 8. The frequency mea
surements are for the combined pendulum platform with sphere fixture, 3/8 inch 
calibration sphere in hole set 1, and the 3/4 inch trim mass spheres in hole set 6. 



www.manaraa.com

References 

[1] ABRAMOWITZ, M. and STEGUN, I. A., eds., Handbook of Mathematical Func

tions With Formulas, Graphs, and Mathematical Tables, Dover Publications, 

New York, 1974. 

[2] BANERJEE, B. and GUPTA, S. P . D., "Short note, gravitational attraction of 

a rectangular parallelepiped," Geophysics, vol. 42, no. 5, pp. 1053-1055, August 

1977. 

[3] BATTIN, R.-H., An Introduction to the Mathematics and Methods of Astrody-

namics, AIAA Education Series, American Institute of Aeronautics and Astro

nautics, Washington, D. C , 1987, ISBN 1563473429. 

[4] BLAKELY, R. J., Potential Theory in Gravity & Magnetic Applications, Cam

bridge University Press, Cambridge, 1995, ISBN 0521575478. 

[5] BOWER, J., NELSON, E., and THIELVOLDT, M., "Sphere with adjustable mass 

center for the LISA project," ME 324 precision engineering course, final report, 

Stanford University, 2005. 

[6] CAVALLERI, A., CIANI, G., DOLESI, R., HEPTONSTALL, A., HUELLER, M., 

NICOLODI, D., ROWAN, S., TOMBOLATO, D., VITALE, S., WASS, P. J., and 

W E B E R , W. J., "A new torsion pendulum for testing the limits of free-fall for 

LISA test masses," Classical and Quantum Gravity, vol. 26, no. 9, 2009. 

[7] CHEN, Y. T. and COOK, A., Gravitational Experiments in the Laboratory, 

.Cambridge University Press, Cambridge, April 1993, ISBN 0521391717. 

250 



www.manaraa.com

REFERENCES 251 

[8] CLARK, D., DOLPHIN, M., DREISSIGACKER, M., TRITTLER, M., and ULMEN, 

J., "Preferred principal axis of inertia spheres," ME 324 precision engineering 

course, final report, Stanford University, 2007. 

[9] CONKLIN, J. W., Estimation of the mass center and dynamics of a spherical 

test mass for gravitational reference sensors, Ph.D. thesis, Stanford University, 

Dec. 2008. 

[10] CONKLIN, J. W., SUN, K.-X., and D E B R A , D, B., "Gravitational reference 

center of mass determination by velocity modulation," Proceedings of the 21st 

Annual Meeting, October 2006. Monterey, California. 

[11] CONKLIN, J. W., SUN, K.-X., and D E B R A , D. B., "Mass center determination 

by optical sensing of velocity modulation," Laser Interferometer Space Antenna: 

6th International LISA Symposium, vol. 873, no. 1, pp. 566-570, 2006. 

[12] CONKLIN, J. W., SWANK, A. J., SUN, K.-X., and D E B R A , D. B., "Mass prop

erties measurement for drag-free test masses," Journal of Physics: Conference 

Series, vol. 154, 2009. 

[13] DASSOULAS, J., "The TRIAD spacecraft," The APL Technical Digest, vol. 12, 

no. 2, 1973. 

[14] DAVIS, R. S., "NIST measurement services: mass calibrations," NIST Special 

Publication 250-31, U.S. Department of Commerce, National Institute of Stan

dards and Technology, January 1989. 

[15] D E B R A , D. B., "Disturbance compensation system design," The APL Technical 

Digest, vol. 12, no. 2, 1973. 

[16] D E B R A , D. B., "Drag-free spacecraft as platforms for space missions and funda

mental physics," Classical and Quantum Gravity, vol. 14, no. 6, pp. 1549-1555, 

1997. 

[17] D E B R A , D. B., Personal correspondence, March 2009. 



www.manaraa.com

252 REFERENCES 

[18] DEDE, E., GLASSMAN, J., HARDHAM, C , KALCIC, D., and RICHMOND, K., 

"Inertia pendulum for the STEP project," ME 324 precision engineering course, 

final report, Stanford University, 2001. ; 

[19] DOLPHIN, M. D., Polhode dynamics and gyroscope asymmetry analysis on grav

ity Probe B using gyroscope position data, Ph.D. thesis, Stanford University, Sept. 

2007. 

[20] EVANS, J. P., "Plan for compensation of self-gravity on ST-7/DRS," Classical 

and Quantum Gravity, vol. 22, no. 10, pp. 177-183, 2005. 

[21] EVANS, J. P., "Engineering the LISA project: systems engineering challenges," 

Aerospace Conference, 2006 IEEE, 2006. 

[22] FLEMING, A. W., TASHKER, M. G., and D E B R A , D. B., "Mass attraction of 

Triad-1/DISCOS," Tech. rep., Stanford University, Center for Systems Research, 

Guidance and Control Laboratory, September 1972. 

[23] FOLKNER, W. M., HECHLER, F., SWEETSER, T. H., VINCENT, M. A., and 

BENDER, P . L., "LISA orbit selection and stability," Classical and Quantum 

Gravity, vol. 14, pp. 1405-1410, 1997. 

[24] FRYKMAN, P . and VANG, R., "Drawing great circles on a spherical test mass," 

ME 324 precision engineering course, final report, Stanford University, 2006. 

[25] GREENWOOD, D. T., Principles of Dynamics, Prentice-Hall, New Jersey, 2nd 

ed., 1988, ISBN 0137099819. 

[26] GUNTER, N. M., Potential theory, and Its Applications to Basic Problems of 

Mathematical Physics, Frederick Ungar Publishing, New York, 1967. Translated 

from Russian by John R. Schulenberger. 

[27] HANSON, J., BUCHMAN, S., GILL, D., LAUBEN, D., and WILLIAMS, S., "ST-7 

gravitational reference sensor technology development program," Aerospace Con

ference, 2004. Proceedings. 2004 IEEE, vol. Vol. 1, March 2004. 



www.manaraa.com

REFERENCES 253 

[28] HANSON, J., KEISER, G.., BUCHMAN, S., BYER, R. L., LAUBEN, D., SHELEF, 

B., SHELEF, G., HRUBY, V., and GAMERO-CASTANO, M., "Disturbance re

duction system: testing technology for drag-free operation," in CRUISE, M. and 

SAULSON, P. , eds., "Gravitational-Wave Detection. Proceedings of the SPIE," 

vol. 4856, pp. 9-18, Mar 2003. 

[29] HANSON, J., KEISER, G. M., BUCHMAN, S., BYER, R., LAUBEN, D., D E B R A , 

D., WILLIAMS, S., GILL, D., SHELEF, B., and SHELEF, G., "ST-7 gravitational 

reference sensor: analysis of magnetic noise sources," Classical and Quantum 

Gravity, vol.20, no. 10, pp. S109-S116, 2003. 

[30] HELLINGS, R. W., "Gravitational wave detectors in space," Contemporary 

Physics, vol. 37, no. 6, pp. A57-4Q9, 1996. 

[31] JELLETT, J . .H. and HAUGHTON, S., eds., The Collected Works of James Mac-

Cullagh, Longmans, Green, and Co., London, 1880. 

[32] JENKINS, R. E., "Performance in orbit of the TRIAD disturbance compensation 

system," The A PL Technical Digest, vol. 12, no. 2, 1973. 

[33] KEISER, G., BUCHMAN, S., D E B R A , D., GUSTAFSON, E., GODDARD, L., 

HANSON, J., and ROUTE, R., "Advantages and disadvantages of a spherical 

proof mass for LISA," Presented at COSPAR 2000, July 2000. Warsaw, Poland. 

[34] KELLOGG, O. D., Foundations of Potential Theory, Dover Publications, June 

1969, ISBN 0486601447. 

[35] LANDKOF, N. S., Foundations of Modern Potential Theory, Die Grundlehren 

der mathematischen Wissenschaften in Einzeldarstellungen mit besonderer 

Berucksichtigung der Anwendungsgebiete, Bd. 180, Springer-Verlag, Berlin, New 

York, 1972, ISBN 3387053948. Translated from Russian by A. P. Doohovskoy. 

[36] LISA STUDY TEAM, "LISA: Laser Interferometer Space Antenna for the detec

tion and observation of gravitational waves," Pre-Phase A Report MPQ 233 2nd 

ed., Max-Planck-Institut fur Quantenoptik, Garching, Germany, July 1998. 



www.manaraa.com

254 REFERENCES 

[37] LOCKERBIE, N. A., "Dynamical measurements of the gravitational quadrapole 

coupling to experimental test masses," Classical and Quantum Gravity, vol. 18, 

pp. 2521-2531, 2001. 

[38] LOCKERBIE, N. A., "A dynamical technique for measuring the gravitational 

quadrapole coupling of the STEP and /iSCOPE experimental test masses," Clas

sical and Quantum Gravity, vol. 18, pp. 2521-2531, 2001. 

[39] LOCKERBIE, N. A., "Gravitational quadrupolar coupling to equivalence princi

ple test masses: the general case," Classical and Quantum Gravity, vol. 19, pp. 

2063-2077, 2002. 

[40] M A C MILL AN, W. D., Theory of the Potential, Dover Publications Inc, January 

1958, ISBN 0486604861. 

[41] MERKOWITZ, S./M.,.CONKEY, S., HAILE, W. B., KELLY, W. R., PEABODY, 

H., and DUMONT, P . J., "Structural, thermal, optical and gravitational mod

elling for LISA," Classical and Quantum Gravity, vol. 21, pp. 603-610, 2004. 

[42] MERKOWITZ, S. M., HAILE, W. B., CONKEY, S., KELLY, W. R., and 

PEABODY, H., "Self-gravity modelling for LISA," Classical and Quantum Grav

ity, vol. 22, pp. 395-402, 2005. 

[43] NAGY, D . , "The gravitational attraction of a right rectangular prism," Geo

physics,.'vol. 31, no. 2, pp. 362-371, April 1966. 

[44] NATIONAL RESEARCH COUNCIL, Gravitational Physics, Exploring the Structure 

of Space arid Time, National Academy Press, Washington, D. C , 1999. 

[45] NIST, "Mechanical measurements, mass standards," January 2009, URL 

http:/ / ts .nist .gov/MeasurementServices/Calibrat ions/mass.cfm. [On

line; accessed 08-March-2009]. 

[46] PoiSSON, S.-D., A Treatise of Mechanics, vol. 1, Longman and Co., London, 

1842. Translated from the French, and elucidated with explanatory notes by the 

Rev. Henry Hickman Harte. 

http://ts.nist.gov/MeasurementServices/Calibrations/mass.cfm


www.manaraa.com

REFERENCES 255 

[47] SCHUMAKER, B. L., "Disturbance reduction requirements for LISA," Classical 

and Quantum Gravity, vol. 20, no. 10, pp. S239-S253, 2003. 

[48] SCHUTZ, B. E., "The mutual potential and gravitational torques of two bodies 

to fourth order," Celestial Mechanics and Dynamical Astronomy, vol. 24, no. 2, 

pp. 173-181, 1979. 

[49] SHEYNIN, S." A. and TuziKOV, A. V., "Explicit formulae for polyhedra mo

ments," Pattern Recognition Letters, vol. 22, pp. 1103-1109, 2001. 

[50] SHIOMI, S., Test Mass Metrology for Tests of the Equivalence Principle, Ph.D. 

thesis, The University of Birmingham, 2002. Birmingham Gravitations Group 

School of Physics and Astronomy. 

[51] SOKOLNIKOFF, I. S., ed., Tensor Analysis Theory and Applications to Geometry 

and Mechanics of Continua, Applied Mathematics Series, John Wiley & Sons, 

Inc., 2nd ed., 1964. 

[52] SOLER, T. and CHIN, M., "On transformation of covariance matrices be

tween local cartesian coordinate systems and commutative diagrams," Tech. rep., 

NOAA, Cockville, MD, 1985. 

[53] SPACE DEPARTMENT OF JOHNS HOPKINS UNIVERSITY APPLIED PHYSICS 

LAB AND GUIDANCE & CONTROL LAB OF STANFORD UNIVERSITY, "A satel

lite freed of all but gravitational forces: TRIAD I," Journal of Spacecraft, vol. 11, 

pp. 637-644, 1974. 

[54] SPACE ELECTRONICS LLC, "High precision mass properties measurement," 

2008, URL http://www.space-electronics.com. [Online; accessed June-2008]. 

[55] STAFF OF RESEARCH AND EDUCATION, Handbook of Mathematical, Scientific, 

and Engineering Formulas, Tables, Functions, Graphs, Transforms, Research 

and Education Association, New Jersey, 1997. 

http://www.space-electronics.com


www.manaraa.com

256 REFERENCES 

[56] STEBBINS, R. T., BENDER, P. L., HANSON, J., HOYLE, C. D., SCHUMAKER, 

B. L,, and VITALE, S., "Current error estimates for LISA spurious accelera

tions," Classical and Quantum Gravity, vol. 21, pp. 653-660, 2004. 

[57] STRANG, G., Introduction to Applied Mathematics, Wellesley-C&mbridge Press, 

1986, ISBN 9780961408800. 

[58] SUN, K.-X., ALLEN, G., BUCHMAN, S., BYER, R. L., CONKLIN, J. W., D E -

BRA, D. B., GILL, D., GOH, A., HIGUCHI, S., LU, P., ROBERTSON, N., and 

SWANK, A. J., "Modular Gravitational Reference Sensor for High Precision As

tronomical Space Missions," in "Bulletin of the American Astronomical Society," 

vol. 38, Dec. 2006. 

[59] SUN, K.-X., ALLEN, G., BUCHMAN, S., BYER, R. L., CONKLIN, J. W., 

D E B R A , D. B., GILL, D., GOH, A., HIGUCHI, S., LU, P., ROBERTSON, 

N. A., and SWANK, A. J., "Progress in developing the modular gravitational 

reference sensor," Laser Interferometer Space Antenna: 6th International LISA 

Symposium, vol. 873, no. 1, pp. 515-521, 2006. 

[60] SUN, K.-X., ALLEN, G., WILLIAMS, S., BUCHMAN, S., D E B R A , D. B., and 

BYER, R., "Modular gravitational reference sensor: Simplified architecture to 

future LISA and BBO," Journal of Physics: Conference Series, vol. 32, pp. 

137-146,2006. 

[61] SUN, K.-X., BUCHMAN, S., BYER, R., D E B R A , D. B., GOEBEL, J., ALLEN, 

G., CONKLIN, J. W., GERARDI, D., HIGUCHI, S., LEINDECKER, N., LU, 

P., SWANK, A. J., TORRES, E., and TRITTLER, M., "Modular gravitational 

reference sensor development," Journal of Physics: Conference Series, vol. 154, 

2009. 

[62] SUN, K.-X., BUCHMAN, S., and BYER, R. L., "Grating angle magnifica

tion enhanced angular and integrated sensors for LISA applications," Journal 

of Physics: Conference Series, vol. 32, pp. 167-179, 2006. 



www.manaraa.com

REFERENCES 257 

[63] SUN, K.-X., BUCHMAN, S., BYER, R. L., D E B R A , D., GOEBEL, J., ALLEN, 

G., CONKLIN, J., GERARDI, D., HIGUCHI, S., LEINDECKER, N., Lu, P., 

SWANK, A. J., TORRES, E., TRITTLER, M., and ZOELLNER, A., "Modular 

Gravitational Reference Sensor (MGRS) For Astrophysics and Astronomy," in 

"American Astronomical Society Meeting Abstracts," vol. 213 of American As

tronomical Society Meeting Abstracts, Jan. 2009. 

[64] SWANK, A. J., HARDHAM, C., SUN, K.-X., and D E B R A , D. B., "Moment 

of inertia measurement using a five wire torsion pendulum and optical sensing," 

Proceedings of the 21st Annual Meeting, October 2006. Monterey, California. 

[65] SWANK, A. J., SUN, K.-X., and D E B R A , D. B., "Determining gravitational at

traction by mass property measurements," Laser Interferometer Space Antenna: 

6th International LISA Symposium, vol. 873, no. 1, pp. 588-592, 2006. 

[66] TUZIKOV, A. V., SHEYNIN, S. A., and VASILIEV, P . V., "Efficient computation 

of body moments," in SKARBEK, W., ed., "Proceedings of 9th International 

Conference, CAIP 2001, Warsaw, Poland, September 5-7, 2001," vol. 2124, pp. 

201-208, Computer Analysis of Images and Patterns, Springer, 2001. 

[67] VALLADO, D. A., Fundamentals of Astrodynamics and Applications, 2nd Ed., 

Microcosm Press, El Segundo, 2001. 


